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�¨á. 3.9: � ª¢ ­â®¢®© ¬¥å ­¨ª¥ ¢®§¬®¦­® ¤¢¨¦¥­¨¥ ¯® «î¡®© ¨§ âà ¥ªâ®à¨©. �ë-¤¥«¥­  ª« áá¨ç¥áª ï âà ¥ªâ®à¨ï.�­®¥ ¤¥«® ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥. � íâ®¬ á«ãç ¥ ¢®§¬®¦­ë ¢á¥âà ¥ªâ®à¨¨,   ª« áá¨ç¥áª ï ï¢«ï¥âáï â®«ìª® ­ ¨¡®«¥¥ ¢¥à®ïâ­®©(¦¨à­ ï «¨­¨ï ­  �¨á. 3.9). �«ï ¢ëç¨á«¥­¨ï ¢¥à®ïâ­®áâ¨ ­¥®¡å®-¤¨¬® ¯à®áã¬¬¨à®¢ âì ¯¥à¥å®¤ë ¯® ¢á¥¬ ¢®§¬®¦­ë¬ âà ¥ªâ®à¨ï¬,¯à¨ç¥¬ ª ¦¤ ï ¨§ ­¨å ¤®«¦­  ¡à âìáï á® á¢®¨¬ áâ â¨áâ¨ç¥áª¨¬ ¢¥-á®¬. � ª®© ¯®¤å®¤ ­ §ë¢ ¥âáï ¬¥â®¤®¬ ¨­â¥£à «®¢ ¯® âà ¥ªâ®à¨¨.�á¯®«ì§ãîâáï ¨ ¤àã£¨¥ ­ §¢ ­¨ï: ¬¥â®¤ ª®­â¨­ã «ì­®£® ¨­â¥£à « ¨«¨ ¬¥â®¤ ¨­â¥£à «®¢ �¥©­¬ ­ .� ­ è¥¬ ªãàá¥ ­¥ ¡ã¤¥¬ ¤ «¥¥ ¨á¯®«ì§®¢ âì íâ®â ¬¥â®¤. �­ ¯à¨-¢®¤¨â ª â¥¬ ¦¥ à¥§ã«ìâ â ¬, ª®â®àë¥ ¯®«ãç îâáï ¢ à ¬ª å âà ¤¨-æ¨®­­®£® ¯®¤å®¤ , ®á­®¢ ­­®£® ­  ãà ¢­¥­¨¨ �à¥¤¨­£¥à . �¥¬ ­¥¬¥­¥¥ ¬¥â®¤ ä¥©­¬ ­®¢áª¨å ¨­â¥£à «®¢ áâ ­®¢¨âáï ­¥§ ¬¥­¨¬ ¢ àï-¤¥ § ¤ ç ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï.3.10 � ¤ ç¨� ¤ ç  3.1.� ©â¨ ã£®« � (á¬. �¨á. 3.1) à áá¥ï­¨ï í«¥ªâà®­  ¢ ¯à®æ¥áá¥ ª®¬¯-â®­®¢áª®£® à áá¥ï­¨ï, ¥á«¨ ¨§¢¥áâ­ë ç áâ®â  ¯ ¤ îé¥£® á¢¥â  !¨ ã£®« � à áá¥ï­¨ï ä®â®­ . � ©â¨ í­¥à£¨î ¨ ¨¬¯ã«ìá à áá¥ï­®£®51



í«¥ªâà®­ . �¥è¥­¨¥�­¥à£¨ï à áá¥ï­­®£® í«¥ªâà®­  ­ å®¤¨âáï ¨§ § ª®­  á®åà ­¥­¨ïí­¥à£¨¨ E0e = Eä®â® +Mec2 � E0ä®â® =Mec2 + �h(! � !0): (3.44)�®£¤  ¨¬¯ã«ìá à áá¥ï­®£® í«¥ªâà®­  ¡ã¤¥âp0e = 1cqE0 2e �M 2e c4: (3.45)�¥à¥¯¨è¥¬ § ª®­ á®åà ­¥­¨ï í­¥à£¨¨-¨¬¯ã«ìá  ¢ ¢¨¤¥pä®â® � p0e = pe � p0ä®â® (3.46)¨ ¢®§¢®¤ï ®¡¥ ç áâ¨ ¢ ª¢ ¤à â ¯®«ãç¨¬E0e�h! � p0e�h!c cos� = ��h!Mec2: (3.47)�âªã¤  cos� = E0e �Mec2cp0e : (3.48)� ¤ ç  3.2.� ©â¨ í­¥à£¨¨ ¨ ã£«ë à áá¥ï­¨ï í«¥ªâà®­  ¨ ä®â®­  ¤® ¨ ¯®á«¥áâ®«ª­®¢¥­¨ï ¢ á¨áâ¥¬¥ æ¥­âà  ¬ áá (���) áâ «ª¨¢ îé¨åáï ç -áâ¨æ, ¥á«¨ ¨§¢¥áâ­ë ç áâ®â  ¯ ¤ îé¥£® á¢¥â  ! ¨ ã£®« � ¢ « ¡®-à â®à­®© á¨áâ¥¬¥ (�¨á. 3.1).�¥è¥­¨¥�® ®¯à¥¤¥«¥­¨î ��� íâ® â ª ï á¨áâ¥¬ , £¤¥ ¯®«­ë© 3-¬¥à­ë© ¨¬-¯ã«ìá á¨áâ¥¬ë à ¢¥­ ­ã«î. �«¥¤®¢ â¥«ì­® ¯®«­ë© 4-¨¬¯ã«ìá á¨-áâ¥¬ë ä®â®­-í«¥ªâà®­ à ¢¥­p�ä®â® + p�e = p0 �ä®â® + p0 �e = (1cE�; 0; 0; 0); (3.49)52



£¤¥ E� | ¯®«­ ï í­¥à£¨ï ª ª áâ «ª¨¢ îé¨åáï, â ª ¨ à §«¥â î-é¨åáï ç áâ¨æ ¢ ���. �¤¥áì ¨ ¤ «¥¥ ¢á¥ ¢¥«¨ç¨­ë ¢ ��� ¡ã¤¥¬á­ ¡¦ âì §¢¥§¤®çª®©. �®®â¢¥âáâ¢ãîé¨¥ ¢¥«¨ç¨­ë ¢ « ¡®à â®à-­®© á¨áâ¥¬¥ (â.¥. á¨áâ¥¬¥, £¤¥ ¤® áâ®«ª­®¢¥­¨ï á ä®â®­®¬ í«¥ª-âà®­ ¯®ª®¨âáï) ­¥ ¡ã¤¥¬ á­ ¡¦ âì ­¨ª ª¨¬ ¤®¯®«­¨â¥«ì­ë¬ ¨­-¤¥ªá®¬.�®§¢®¤ï ¯à ¢ãî ¨ «¥¢ãî ç áâ¨ (3.49) ¢ ª¢ ¤à â ¯®«ãç¨¬E� 2 = c2 �p�ä®â® + p�e�2 : (3.50)�¢¨¤ã â®£®, çâ® ¢ ¯à ¢®© ç áâ¨ (3.50) áâ®¨â à¥«ïâ¨¢¨áâáª¨© ¨­-¢ à¨ ­â, ®­  ­¥ § ¢¨á¨â ®â ¢ë¡®à  á¨áâ¥¬ë ª®®à¤¨­ â. �®íâ®¬ãá®®â¢¥âáâ¢ãîé¨¥ ¨¬¯ã«ìáë ¬®¦­® § ¬¥­¨âì ­  ¨¬¯ã«ìáë ¢ « -¡®à â®à­®© á¨áâ¥¬¥E� 2 = (pä®â® + pe)2 =M 2e c4 + 2�hc2Me!: (3.51)�§ (3.51) ­ å®¤¨¬ ¯®«­ãî í­¥à£¨î ¢ ���E� = qMec2 + 2�hc2Me!: (3.52)�§ ®¯à¥¤¥«¥­¨ï ��� á«¥¤ã¥â~p�ä®â® = �~p�e � ~q�; (3.53)~p0 �ä®â® = �~p0 �e � ~q� 0; (3.54)¯à¨ç¥¬ j~q�j = j~q� 0j � q�. �®£¤ E�e = E� 0e = qM 2e c4 + c2q� 2; (3.55)E�ä®â®­ = E� 0ä®â®­ = cq� (3.56)�ª« ¤ë¢ ï (3.55) ¨ (3.56) ¯®«ãç ¥¬ ãà ¢­¥­¨¥ ¤«ï ¨¬¯ã«ìá  q�E� = qM 2e c4 + c2q� 2 + cq�: (3.57)�¥è ï  «£¥¡à ¨ç áª®¥ ãà ¢­¥­¨¥ (3.57) ­ ©¤¥¬q� = E� 2 +M 2e c42cE� ; (3.58)53



£¤¥ E� ®¯à¥¤¥«¥­® ¢ (3.52). �­¥à£¨¨ í«¥ªâà®­  ¨ ä®â®­  ¢ ���®¯à¥¤¥«ï¥¬ ¯®¤áâ ¢«ïïï (3.58) ¢ (3.55-3.56).�«ï â®£®, çâ®¡ë ®¯à¥¤¥«¨âì ã£«ë à áá¥ï­¨ï �� ä®â®­  ¨ �� í«¥ª-âà®­  ¢ ���, ¢®á¯®«ì§ã¥¬áï â¥¬, çâ® áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï 4-¢¥ªâ®à®¢ pä®â®p0ä®â® ¨ pä®â®p0e ï¢«ïîâáï à¥«ïâ¨¢¨áâáª¨¬¨ ¨­¢ à¨ ­-â ¬¨. �«¥¤®¢ â¥«ì­®pä®â®p0ä®â® = p�ä®â®p0 �ä®â®; (3.59)pä®â®p0e = p�ä®â®p0 �e : (3.60)�âªã¤  ¯®«ãç ¥¬ ãà ¢­¥­¨ï ¤«ï ã£«®¢!!0(1� cos �) = !� 2(1� cos ��); (3.61)!mc2 = !�(E�e � cq� cos��); (3.62)£¤¥ !� = cq��h .� ¤ ç  3.3.�¯à¥¤¥«¨âì ãá«®¢¨ï ®¡à â­®£® �®¬¯â®­-íää¥ªâ �¥è¥­¨¥�«ï ®¯à¥¤¥«¥­­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® ¨¬¯ã«ìáë ä®â®­  ¨ í«¥ª-âà®­  ¯ à «¥«ì­ë ®á¨ z ¨ ­ ¯à ¢«¥­ë ¢ à §­ë¥ áâ®à®­ëp =  �h!c ; ~p! q = (qM 2e c2 + ~q 2; ~q)p0 = 0@�h!0c ; ~p 01A q0 = (qM 2e c2 + ~q 02; ~q 0): (3.63)�à¨ íâ®¬ § ª®­ á®åà ­¥­¨ï 4-¨¬¯ã«ìá  ¤ ¥â á«¥¤ãîé¨¥ á®®â­®è¥-­¨ï ~q 0 = ~p+ ~q � ~p 0�h!c + qM 2e c2 + ~q 2 = �h!0c + qM 2e c2 + ~q 02: (3.64)�¥è ï íâ¨ ãà ¢­¥­¨ï ­ å®¤¨¬!0 = ! qM 2e c2 + q2 + qqM 2e c2 + q2 + �h!c � ��h!c � q� cos � ; (3.65)54



£¤¥ q � j~q j. �§ ¯®á«¥¤­¥£® ¢ëà ¦¥­¨ï ¢¨¤¨¬, çâ® ¯à¨ q > �h!c ¡ã¤¥â¨¬¥âì ®¡à â­ë© �®¬¯â®­-íää¥ªâ !0 > !.� ¤ ç  3.4.�®«­®¢®© ¯ ª¥â § ¤ ­ ¢ ¢¨¤¥	(t; x) = A exp 24�i(!t � kx) � (x� x0)22b2 35 ; (3.66)¯à¨ç¥¬ k � �b�1. �ç¨â ¥âáï, çâ® áà¥¤­¨© à §¬¥à ¯ ª¥â  �x á®-®â¢¥âáâ¢ã¥â â ª®¬ã ®âª«®­¥­¨î 12�x ®â x0, ª®£¤  ¢¥à®ïâ­®áâìã¬¥­ìè ¥âáï ®â ¬ ªá¨¬ «ì­®© ¢ e à §. � ©â¨ áà¥¤­¨© à §¬¥à ¯ -ª¥â  ¨ áà¥¤­¥¥ ®âª«®­¥­¨¥ ¨¬¯ã«ìá  �p ®â ¬ ªá¨¬ «ì­® ¢¥à®ïâ-­®£®. �®ª § âì, çâ® ¤«ï �x�p ¢ë¯®«­ï¥âáï ¯à¨­æ¨¯ ­¥®¯à¥¤¥«¥­-­®áâ¨ � ©§¥­¡¥à£ . �¥è¥­¨¥�® ®¯à¥¤¥«¥­¨î ¢¥à®ïâ­®áâìP (x) = j	(t; x)j2 = jAj2 exp 24�(x � x0)2b2 35 (3.67)¨ â®£¤  �x = b: (3.68)� §«®¦¨¬ ¯ ª¥â (3.66) ¯® ¯«®áª¨¬ ¢®«­ ¬ (q; x) = (2�)�1=2 exp[iqx]:'(q) = Z 1�1 dx �(q; x)	(t; x) == (2�)�1=2A Z 10 dx expf�i[!t� (k � q)x]��(x � x0)22b2 9=; = (2�)�1=2A Z 1�1 dx �� exp (�i!t� 12b2 ��x � x0 � ib2(k � q)�2�++ ix0(k � q) � b22 (k � q)29=; : (3.69)55



-6 ee ezz1 = �1 z2 =1z01 z02e�¨á. 3.10: �®­âãà ¨­â¥£à¨à®¢ ­¨ï (ª � ¤ ç¥ 3.4.)�¥« ï § ¬¥­ã ¯¥à¥¬¥­­ëåx! z = x � x0 � ib2(k � q) (3.70)¬ë ¯®«ãç ¥¬'(q) = (2�)�1=2A Z z02z01 dz � (3.71)� exp8<:�i!t� 12b2z2 + ix0(k � q) � b22 (k � q)29=; ;£¤¥ z01 ¨ z02 à ¢­ë (á¬. �¨á. 3.10)z01 = z1 � ib2(k � q); z1 ! �1;z02 = z2 � ib2(k � q); z2 ! +1: (3.72)�¢¨¤ã â®£®, çâ® ¯®¤ë­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¢ (3.71) ¯à¨ jzj =1 à ¢­® ­ã«î, ¬®¦­® § ¬¥­¨âì ¯à¥¤¥«ë ¨­â¥£à¨à®¢ ­¨ï z01 ! �1¨ z02 !1. �®á«¥¤­¨© ¨­â¥£à « «¥£ª® ¢ëç¨á«ï¥âáï ¨ ¬ë ¯®«ãç ¥¬'(q) = bA exp8<:�i!t+ ix0(q � k) � b2(k � q)22 9=; : (3.73)56



� á¯à¥¤¥«¥­¨¥ ¯® ¢®«­®¢®¬ã ç¨á«ã q ®¯ïâì ¯à¥¤áâ ¢«ï¥â á®¡®© ®á-æ¨««¨àãîéãî äã­ªæ¨î,  ¬¯«¨âã¤  ª®â®à®© bA exp��b2(k�q)22 � ¨¬¥-¥â ¬ ªá¨¬ãã¬ ¯à¨ q = k ¨ ã¡ë¢ ¥â ¢ e à § ª®£¤  �q � q � k à ¢­®�q = b�1: (3.74)� ª¨¬ ®¡à §®¬ �p = �hb�1 (3.75)¨ á«¥¤®¢ â¥«ì­® �x�p = �h: (3.76)� ¤ ç  3.5.�  ®á­®¢ ­¨¨ ¯à¨­æ¨¯  ­¥®¯à¥¤¥«¥­­®áâ¥© ®æ¥­¨âì à ¤¨ãá ­ ¨¡®«¥¥¢¥à®ïâ­®© ®à¡¨âë í«¥ªâà®­  ¢  â®¬¥ ¢®¤®à®¤ .�¥è¥­¨¥�­¥à£¨ï í«¥ªâà®­  ¢  â®¬¥ ¢®¤®à®¤  à ¢­ E = p22Me � q20r : (3.77)�¥®¯à¥¤¥«¥­­®áâ¨ ¨¬¯ã«ìá  ¨ ª®®à¤¨­ âë í«¥ªâà®­ , ¤¢¨¦ãé¥£®áï¯® ªàã£®¢®© ®à¡¨â¥ ¢®ªàã£ ï¤à  à ¢­ë �p � p ¨ �x � r. �®£¤ , ­ ®á­®¢ ­¨¨ ¯à¨­æ¨¯  ­¥®¯à¥¤¥«¥­­®áâ¥©, á«¥¤ã¥â ¯®«®¦¨âìpr = �h; ¨«¨ p = �hr (3.78)E = �h22Mer2 � e2r : (3.79)�¨­¨¬ã¬ í­¥à£¨¨ (3.79) ®¯à¥¤¥«ï¥â à ¤¨ãá ­¨¦ ©è¥© ®à¡¨âëdEdr �����r=r0 = � �h22Mer3 + q20r2 = 0 (3.80)r0 = �h2Meq20 : (3.81)�­ ¯à¥¤áâ ¢«ï¥â á®¡®© ­¨ çâ® ¨­®¥, ª ª ¡®à®¢áª¨© à ¤¨ãá ¢®¤®à®¤ ®¡ëç­® ®¡®§­ ç ¥¬ë© ª ª a0. 57



�« ¢  4�à ¢­¥­¨¥ �à¥¤¨­£¥à 4.1 �¡®á­®¢ ­¨¥ ãà ¢­¥­¨ï �à¥¤¨­£¥à �ëè¥ ¡ë«® ¢¢¥¤¥­® ¢ ¦­¥©è¥¥ ¯®­ïâ¨¥ ª¢ ­â®¢®© â¥®à¨¨ | ¢®«­®-¢ ï äã­ªæ¨ï. �â®¡ë ¢®«­®¢ ï äã­ªæ¨ï ¨¬¥«  ª®­ªà¥â­ë© á¬ëá«,á«¥¤ã¥â ­ ©â¨ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥, ª®â®à®¥ ¥¥ ®¯¨áë¢ ¥â.� ª¨¬ ãà ¢­¥­¥¬ ï¢«ï¥âáï ãà ¢­¥­¨¥ �à¥¤¨­£¥à . �à §ã á«¥¤ã¥â®£®¢®à¨âìáï, çâ® ãà ¢­¥­¨¥ �à¥¤¨­£¥à  ¢ë¢¥áâ¨ ­¥«ì§ï, ¨áâ®à¨ç¥-áª¨ ®­® ¡ë«® ã£ ¤ ­®  ¢áâà¨©áª¨¬ ãç¥­ë¬ �. �à¥¤¨­£¥à®¬ ¨ § â¥¬¯à®¢¥à¥­®, çâ® ¢ëâ¥ª îé¨¥ ¨§ ­¥£® ¬­®£®ç¨á«¥­­ë¥ á«¥¤áâ¢¨ï ­ -å®¤ïâìáï ¢ ¡«¥áâïé¥¬ á®£« á¨¨ á ®¯ëâ®¬. �®¦­® â®«ìª® ¯à¨¢¥áâ¨­¥ª®â®àë¥ á®®¡à ¦¥­¨ï ¯®§¢®«ïîé¨¥ ¯®­ïâì ä¨§¨ç¥áª®¥ ®¡®á­®¢ -­¨¥ ¢ë¡®à  â ª®£® ãà ¢­¥­¨ï.4.1.1 �­ «®£¨ï á ®¯â¨ª®©� ¯®¬­¨¬, çâ® ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ à®«ì á¢¥â®¢®© ¢®«­ëexp[i'(t)] ¨£à ¥â ¢®«­  ¤¥ �à®©«ï. �§ ¯à¨­æ¨¯  á®®â¢¥âáâ¢¨ï á«¥¤ã-¥â, çâ® ª¢ ­â®¢ ï ¬¥å ­¨ª  á®¤¥à¦¨â ¢ á¥¡¥ ª« áá¨ç¥áªãî ¬¥å ­¨ªã,ª ª ¯à¥¤¥«ì­ë© ¢ à¨ ­â, ª®£¤  ¯®áâ®ï­­ ï �« ­ª  �h áâà¥¬¨âìáï ª­ã«î. �®å®¦ ï á¨âã æ¨ï ¨¬¥¥â ¬¥áâ® ¢ ®¯â¨ª¥ | â ¬ ¨§ ¢®«­®¢®©®¯â¨ª¨ á«¥¤ã¥â £¥®¬¥âà¨ç¥áª ï, ¥á«¨ ¤«¨­  ¢®«­ë á¢¥â  � ãáâà¥-¬«ï¥âáï ª ­ã«î. � ª¨¬ ®¡à §®¬ ¢ ¨á¯®«ì§ã¥¬®©  ­ «®£¨¨ á«¥¤ã¥âá®¯®áâ®¢«ïâì ¬¥¦¤ã á®¡®© ¯®áâ®ï­­ãî �« ­ª  ¨ ¤«¨­ã ¢®«­ë á¢¥â �h, �: (4.1)58



� ¡«¨æ  4.1: �­ «®£¨ï ¬¥¦¤ã ¬¥å ­¨ª®© ¨ ®¯â¨ª®©: £¥®¬¥âà¨ç¥áª ï ®¯â¨ª  ¨¬¥¥â ­ «®£®¬ ª« áá¨ç¥áªãî ¬¥å ­¨ªã,   ¢®«­®¢ ï | ª¢ ­â®¢ãî.�¯â¨ª  �¥å ­¨ª £¥®¬¥âà¨ç¥áª ï ®¯â¨ª  ª« áá¨ç¥áª ï ¬¥å ­¨ª «ãç á¢¥â  âà ¥ªâ®à¨ï ç áâ¨æ¯à¨­æ¨¯ �¥à¬  �L = 0 �à ¢­¥­¨¥ � £à ­¦ -�©«¥à �Sª«: = 0¢®«­®¢ ï ®¯â¨ª  ª¢ ­â®¢ ï ¬¥å ­¨ª �! 0 | ¯¥à¥å®¤ ®â ¢®«­®¢®©®¯â¨ª¨ ª £¥®¬¥âà¨ç¥áª®© �h ! 0 | ¯¥à¥å®¤ ®â ª¢ ­â®-¢®© ¬¥å ­¨ª¨ ª ª« áá¨ç¥áª®©¬¥å ­¨ª¥á¢¥â®¢ ï ¢®«­  exp[iL(t)=�] =e�i'(t) ¢®«­  ¤¥ �à®©«ï	 = a exp � i�hS�� ®¯â¨ª¥ å®¤ «ãç¥© ®¯à¥¤¥«ï¥âáï ¯à¨­æ¨¯®¬ �¥à¬ , ª®â®àë© £« á¨â,çâ® «ãç¨ à á¯à®áâà ­ïîâáï ¯® ªà¨¢ë¬, á®®â¢¥âáâ¢ãîé¨¬ ¬¨­¨¬ã¬ã®¯â¨ç¥áª®£® ¯ãâ¨ á¢¥â  L. � ª« áá¨ç¥áª®© ¬¥å ­¨ª¥ íâ®¬ã ¯à¨­æ¨¯ãá®®â¢¥âáâ¢ã¥â ¯à¨­æ¨¯ íªáâà¥¬ã¬  ¤¥©áâ¢¨ï Sª«. �âáî¤  ¢ëâ¥ª ¥â,çâ® ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ ¤¥©áâ¢¨¥ ¨£à ¥â à®«ì ®¯â¨ç¥áª®£® ¯ãâ¨á¢¥â  S , L: (4.2)� ®¯â¨ª¥ ®â­®è¥­¨¥ L� ¯à¥¤áâ ¢«ï¥â ä §ã á¢¥â®¢®© ¢®«­ë '(t). �®£¤ á«¥¤¥â áç¨â âì, çâ® ä §  ¢®«­ë ¤¥ �à®©«ï á®¢¯ ¤ ¥â á ®â­®è¥­¨¥¬S�h , ¯à¨ç¥¬ ¢ ­¨¦ ©è¥¬ ¯®àï¤ª¥ ¯® �h ¢¥«¨ç¨­  S ¤®«¦­  á¢®¤¨âìáïª ª« áá¨ç¥áª®¬ã ¤¥©áâ¢¨î Sª«.�«¥¤®¢ â¥«ì­®, ¢®«­®¢ãî äã­ªæ¨î ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥	 = a exp( i�hS) ; (4.3)59



£¤¥ S = Sª« + �hS1 +O(�h2).4.1.2 �¯¥à â®àë ä¨§¨ç¥áª¨å ¢¥«¨ç¨­�ç¨â ¥âáï, çâ® ¢®«­®¢ ï äã­ªæ¨ï 	(t; ~x) ¯®«­®áâìî ®¯à¥¤¥«ï¥â á®-áâ®ï­¨¥ ª¢ ­â®¢®© á¨áâ¥¬ë ¢ «î¡®© ¬®¬¥­â ¢à¥¬¥­¨ t. �­ë¬¨ á«®¢ -¬¨, § ¤ ­¨¥ ¢®«­®¢®© äã­ªæ¨¨ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = t0 ¤®«¦­® ¯®«-­®áâìî ®¯à¥¤¥«ïâì ¥¥ ¯®¢¥¤¥­¨¥ ¢ «î¡®© ¯®á«¥¤ãîé¨© ¬®¬¥­â ¢à¥-¬¥­¨ t. � â¥¬ â¨ç¥áª¨ íâ® ¢ëà ¦ ¥âáï ¢ â®¬, çâ® ãà ¢­¥­¨¥, ®¯¨-áë¢ îé¥¥ à §¢¨â¨¥ ª¢ ­â®¢®© á¨áâ¥¬ë á® ¢à¥¬¥­¥¬, ¤®«¦­® ¡ëâì¯¥à¢®£® ¯®àï¤ª  ¯® ¯à®¨§¢®¤­®© @@t . �®íâ®¬ã á«¥¤ã¥â áç¨â âì, çâ®ãà ¢­¥­¨¥ ¤«ï ¢®«­®¢®© äã­ªæ¨¨ ¨¬¥¥â á«¥¤ãîéãî áâàãªâãàãi@	@t = L̂	; (4.4)£¤¥ L̂ | ­¥ª®â®àë© ®¯¥à â®à,   ¬­¨¬ ï ¥¤¨­¨æ  i ¢¢¥¤¥­  ¤«ï ã¤®¡-áâ¢ . �¤¥áì ¨ ¤ «¥¥ \è ¯®çª " ®§­ ç ¥â, çâ® á®®â¢¥âáâ¢ãîé ï ¢¥«¨-ç¨­  ï¢«ï¥âáï ®¯¥à â®à®¬.�¥à¥ç¨á«¨¬ ®á­®¢­ë¥ á¢®©áâ¢  ®¯¥à â®à  L̂ ¨ äã­ªæ¨¨ 	, ­  ª®-â®àãî ®­ ¤¥©áâ¢ã¥â.1. � ®¡é¥¬ á«ãç ¥ L̂ ¯à¥¤áâ ¢«ï¥â ¬ âà¨æã n� n, í«¥¬¥­â ¬¨ ª®-â®à®© ï¢«ïîâáï, ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë @@~x. � á¢®î ®ç¥-à¥¤ì, ¢®«­®¢ ï äã­ªæ¨ï ¯à¥¤áâ ¢«ï¥â ª®¬¯«¥ªá­ãî ¬ âà¨æã-áâ®«¡¥æ ¨§ n í«¥¬¥­â®¢	(t; ~x) = 0BBBBBB@ 	1(t; ~x)	2(t; ~x)...	n(t; ~x) 1CCCCCCA : (4.5)�à¨ íâ®¬ ¬ âà¨æ -áâà®ª 	y(t; ~x) = (	�1(t; ~x);	�2(t; ~x); : : : ;	�n(t; ~x)) (4.6)¯à¥¤áâ ¢«ï¥â íà¬¨â®¢®-á®¯àï¦¥­­ãî ¢¥«¨ç¨­ã ª ¢®«­®¢®©äã­ªæ¨¨ 	. 60



2. �¨§¨ç¥áª¨© á¬ëá« ¢¥«¨ç¨­ë 	y(t; ~x)	(t; ~x) = Pni j	i(t; ~x)j2 á®-áâ®¨â ¢ â®¬, çâ® ®­  ¯à¥¤áâ ¢«ï¥â ¯«®â­®áâì ¢¥à®ïâ­®áâ¨ ®¡­ -àã¦¨âì á¨áâ¥¬ã ¢ ¬®¬¥­â ¢à¥¬¥­¨ t ¢ â®çª¥ ~x. � á¢®î ®ç¥à¥¤ì¢¥«¨ç¨­  Z d3x	y(t; ~x)	(t; ~x) = Z d3x nXi j	i(t; ~x)j2 (4.7)ï¢«ï¥âáï ¢¥à®ïâ­®áâìî ®¡­ àã¦¨âì á¨áâ¥¬ã ¢® ¢á¥¬ ¯à®áâà ­-áâ¢¥.3. �¯¥à â®à L̂ íà¬¨â®¢ L̂y = L̂: (4.8)�®á«¥¤­¥¥ á¢®©áâ¢® ®¯¥à â®à  L̂ ¤®ª §ë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.�ç¥¢¨¤­®, çâ® ¢¥à®ïâ­®áâìî ®¡­ àã¦¨âì á¨áâ¥¬ã ¢® ¢á¥¬ ¯à®áâà ­-áâ¢¥ R d3xj	(t; ~x)j2 ­¥ ¤®«¦­  ¬¥­ïâìáï á® ¢à¥¬¥­¥¬. �®£¤  ­  ®á­®-¢ ­¨¨ (4.4) ¯®«ãç ¥¬@@t Z d3xj	(t; ~x)j2 == Z d3x 264@	y(t; ~x)@t 	(t; ~x) + 	y(t; ~x)@	(t; ~x)@t 375 == 1i Z d3x ��(L̂	)y	 +	yL̂	� == 1i Z d3x	y(L̂ � L̂y)	 = 0: (4.9)�¢¨¤ã â®£®, çâ® ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¢ë¯®«­ïâìáï â®¦¤¥áâ¢¥­­®, ¯®-«ãç ¥¬ (4.8).�á¯®«ì§ãï (4.3) ¬®¦­® ¯¥à¥¯¨á âì (4.4) ª ªi�h@	@t = �@S@t 	 = �hL̂	: (4.10)� ª« áá¨ç¥áª®¬ ¨¬¥¥â ¬¥áâ® ãà ¢­¥­¨¥ � ¬¨«ìâ®­ -�ª®¡¨@Sª«@t +H = 0: (4.11)61



�­ ç¨â ¤«ï á®åà ­¥­¨ï á®®â¢¥âáâ¢¨ï ¬¥¦¤ã ª« áá¨ç¥áª®© ¨ ª¢ ­-â®¢®© ¬¥å ­¨ª ¬¨, ­¥®¡å®¤¨¬® ¤®¯ãáâ¨âì, çâ® ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥£ ¬¨«ìâ®­¨ ­ ï¢«ï¥âáï ®¯¥à â®à®¬ (¤ «¥¥ ®­ ¡ã¤¥â ®¡®§­ ç âìáï Ĥ),¯à¨ç¥¬ Ĥ = �hL̂: (4.12)� à¥§ã«ìâ â¥ ä®à¬ «ì­®¥ ãà ¢­¥­¨¥ ¤«ï ¢®«­®¢®© äã­ªæ¨¨ (ª®â®à®¥­ §ë¢ îâ ãà ¢­¥­¨¥¬ �à¥¤¨­£¥à ) ¯à¨­¨¬ ¥â ¢¨¤i�h@	(t; ~x)@t = Ĥ	(t; ~x): (4.13)�¤­ ª® ãà ¢­¥­¨¥ �à¥¤¨­£¥à  ®áâ ¥âáï ¡¥áá®¤¥à¦ â¥«ì­ë¬ ¯®ª ­¥ ®¯à¥¤¥«¥­ ®¯¥à â®à � ¬¨«ìâ®­  Ĥ. �«ï ¥£® ®¯à¥¤¥«¥­¨ï áä®à-¬ã«¨àã¥¬ á«¥¤ãîé¨¥ ®¡é¨¥ ¯à¨­æ¨¯ë:1. ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ ¢á¥ ä¨§¨ç¥áª¨¥ ¢¥«¨ç¨­ë ®¯¨áë¢ îâáïíà¬¨â®¢ë¬¨ ®¯¥à â®à ¬¨;2. ¢®«­®¢ë¥ äã­ªæ¨¨ ¯à¥¤áâ ¢«ïîâ ¢¥ªâ®àë £¨«ì¡¥àâ®¢®£® ¯à®-áâà ­áâ¢ , ¢ ª®â®à®¬ ¤¥©áâ¢ãîâ ®¯¥à â®àë ä¨§¨ç¥áª¨å ¢¥«¨-ç¨­;3. íªá¯¥à¨¬¥­â «ì­® ¨§¬¥à¥­­ë¥ §­ ç¥­¨ï ä¨§¨ç¥áª¨å ¢¥«¨ç¨­(¨å ­ §ë¢ îâ ­ ¡«î¤ ¥¬ë¬¨) ï¢«ïîâáï á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨-ï¬¨ á®®â¢¥âáâ¢ãîé¨å ®¯¥à â®à®¢Â	 = A	; (4.14)£¤¥ §¤¥áì ¨ ¤ «¥¥ ¢¥«¨ç¨­  ¡¥§ \è ¯®çª¨" ®¡®§­ ç ¥â á®¡áâ¢¥­-­®¥ §­ ç¥­¨¥ ®¯¥à â®à ;4. ¥á«¨ ¤¢¥ ä¨§¨ç¥áª¨¥ ¢¥«¨ç¨­ë A ¨ B ¬®£ãâ ¡ëâì ®¤­®¢à¥¬¥­­®¨§¬¥à¥­ë, â® ¨å ®¯¥à â®àë ¤®«¦­ë ª®¬¬ãâ¨à®¢ âì[Â; B̂] � ÂB̂ � B̂Â = 0: (4.15)62



5. ®¯¥à â®à � ¬¨«ìâ®­  Ĥ ¢ëà ¦ ¥âáï ç¥à¥§ ®¯¥à â®àë ª®®à¤¨­ -âë ~̂x ¨ ¨¬¯ã«ìá  ~̂p ¯® â¥¬ ¦¥ ä®à¬ã« ¬, çâ® ¨ ¢ ª« áá¨ç¥áª®©¬¥å ­¨ª¥ Ĥ = ~̂p 22m + U (~x): (4.16)�§ ª« áá¨ç¥áª®© ä¨§¨ª¨ ¨§¢¥áâ­®, çâ® ¤«ï «î¡®© ä¨§¨ç¥áª®© ¢¥«¨-ç¨­ë a ¯®«­ ï ¯à®¨§¢®¤­ ï ¯® ¢à¥¬¥­¨ ¥áâì_a = @a@t + fH; ag; (4.17)£¤¥ f: : :g | áª®¡ª  �ã áá®­ . �®«ãç¨¬  ­ «®£ íâ®£® á®®â­®è¥­¨ï ¢ª¢ ­â®¢®© ¬¥å ­¨ª¥. �­ ç «  ®¯à¥¤¥«¨¬ áà¥¤­¥¥ §­ ç¥­¨¥ ä¨§¨ç¥-áª®© ¢¥«¨ç¨­ë ª ª hai � Z d3x	y(t; ~x)â	(t; ~x): (4.18)�®£¤  ddthai = Z d3x (	y(t; ~x)  @â@t !	(t; ~x)+= 0B@@	y(t; ~x)@t 1CA â	(t; ~x) + 	y(t; ~x)â0@@	(t; ~x)@t 1A9>=>; == *@â@t+ + i�h Z d3x	y(t; ~x)(Ĥyâ� âĤ)	(t; ~x) == *@â@t+ + i�h �[Ĥ; â]� : (4.19)�à¨ íâ®¬ § ¬¥â¨¬, çâ® ª®¬¬ãâ â®à ¤¢ãå ®¯¥à â®à®¢ i�h[Â; B̂] ã¤®¢«¥-â¢®àï¥â â¥¬ ¦¥ á¢®©áâ¢ ¬, çâ® ¨ áª®¡ª  �ã áá®­  fA;Bg ¢ ª« áá¨-ç¥áª®© ¬¥å ­¨ª¥. �âáî¤  ¤¥« ¥¬ ¢ë¢®¤, çâ®6. ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ ¢¥«¨ç¨­  i�h[Â; B̂] ¨£à ¥â à®«ì áª®¡ª¨ �ã á-á®­ ; ¢ ç áâ­®áâ¨, ª®¬¬ãâ â®à ¬¥¦¤ã i-© ª®¬¯®­¥­â®© ¨¬¯ã«ìá ¨ j-© ª®¬¯®­¥­â®© ª®®à¤¨­ âë à ¢¥­[p̂i; x̂j] = �hi �ij: (4.20)63



�ª §ë¢ ¥âáï, çâ® ­¥§ ¢¨á¨¬® ®â ï¢­®£® ¢¨¤  ®¯¥à â®à®¢ ª®®à¤¨­ âë¨ ¨¬¯ã«ìá , ­ «®¦¥­¨¥ ­  ­¨å ãá«®¢¨ï ª®¬¬ãâ æ¨¨ (4.20) ¯®«­®áâìî®¯à¥¤¥«ï¥â ª¢ ­â®¢ë© £ ¬¨«ìâ®­¨ ­ Ĥ ¨, á«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥�à¥¤¨­£¥à . � ª®© ¬¥â®¤ ª¢ ­â®¢ ­¨ï ­®á¨â ­ §¢ ­¨¥ ¬¥â®¤  ª -­®­¨ç¥áª®£® ª¢ ­â®¢ ­¨ï.4.1.3 �¢­ë© ¢¨¤ ®¯¥à â®à®¢ ¨¬¯ã«ìá  ¨ ª®®à¤¨­ âë�® ¬­®£¨å § ¤ ç å ã¤®¡­® ¨á¯®«ì§®¢ âì ï¢­ë© ¢¨¤ ®¯¥à â®à®¢ ~̂p ¨~̂x. � æ¥«ìî ¨å ¯®áâà®¥­¨ï ¡ã¤¥¬ áç¨â âì, çâ® ®¯¥à â®à ª®®à¤¨­ âëï¢«ï¥âáï ¯à®áâ® ®¯¥à â®à®¬ ã¬­®¦¥­¨ï~̂x	(t; ~x) = ~x	(t; ~x): (4.21)�®£¤  çâ®¡ë ¢ë¯®«­ï«®áì ª®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥ (4.20) ®¯¥-à â®à ¨¬¯ã«ìá  á«¥¤ã¥â ¢ë¡à âì ¢ ¢¨¤¥~̂p = �hi @@~x: (4.22)� à¥§ã«ìâ â¥ ®¯¥à â®à  � ¬¨«ìâ®­  ¯à¥¤áâ ¢«ï¥â á«¥¤ãîé¨© ¤¨ä-ä¥à¥­æ¨ «ì­ë© ®¯¥à â®àĤ = ��h2�2m + U; (4.23)  ãà ¢­¥­¨¥ �à¥¤¨­£¥à  ¯à¨­¨¬ ¥â ¢¨¤i�h@	(t; ~x)@t = 0@��h2�2m + U1A	(t; ~x): (4.24)�â¬¥â¨¬, çâ® ¥á«¨ áç¨â âì ®¯¥à â®à ¨¬¯ã«ìá  ®¯¥à â®à®¬ ã¬­®¦¥-­¨ï, â® ¢®«­®¢ ï äã­ªæ¨î ¡ã¤¥â äã­ªæ¨¥© ¨¬¯ã«ìá ,   ®¯¥à â®àª®®à¤¨­ âë | ®¯¥à â®à®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï.4.1.4 �à ¢­¥­¨¥ ­¥¯à¥àë¢­®áâ¨�®¬­®¦¨¬ ãà ¢­¥­¨¥ �à¥¤¨­£¥à  (4.24) á«¥¢  ­  	�(t; ~x). � à¥§ã«ì-â â¥ ¯®«ãç¨¬i�h	�(t; ~x)@	(t; ~x)@t = � �h22m fr [	�(t; ~x)r	(t; ~x)]��r	�(t; ~x)r	(t; ~x)g+ U j	(t; ~x)j2: (4.25)64



� «¥¥ á¤¥« ¥¬ ª®¬¯«¥ªá­®¥ á®¯àï¦¥­¨¥ ãà ¢­¥­¨ï �à¥¤¨­£¥à  ¨§ â¥¬ ã¬­®¦¨¬ ¯®«ãç¨¢è¥¥áï ãà ¢­¥­¨¥ á¯à ¢  ­  	(t; ~x)� i@	�(t; ~x)@t �h	(t; ~x) = � �h22m fr [r	�(t; ~x)	(t; ~x)]��r	�(t; ~x)r	(t; ~x)g + U j	(t; ~x)j2: (4.26)�â­¨¬ ï ®â ¯¥à¢®£® ãà ¢­¥­¨ï ¢â®à®¥ ¯®«ãç¨¬@�@t + div~j = 0; (4.27)£¤¥ ¢¢¥¤¥­ë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï� = �hj	(t; ~x)j2; (4.28)~j = �h2mi f[	�(t; ~x)r	(t; ~x)]� [r	�(t; ~x)	(t; ~x)]g :�áå®¤ï ¨§ ä¨§¨ç¥áª®£® á¬ëá«  ¢®«­®¢®© äã­ªæ¨¨ íâ¨¬ ¢¥«¨ç¨­ ¬¬®¦­® ¯à¨¤ âì á¬ëá« ¯«®â­®áâ¨ ¢¥à®ïâ­®áâ¨ ¨ ¯«®â­®áâ¨ â®ª ¢¥à®ïâ­®áâ¨. � á¢®î ®ç¥à¥¤ì ãà ¢­¥­¨¥ (4.27) ¨¬¥¥â á¬ëá« ãà ¢­¥-­¨ï ­¥¯à¥àë¢­®áâ¨.� â®¬ á«ãç ¥, ¥á«¨ ¢®«­®¢ãî äã­ªæ¨î ¬®¦­® ¯à¥¤áâ ¢¨âì ª ª¤¥©áâ¢¨â¥«ì­ãî äã­ªæ¨î ã¬­®¦¥­­ãî ­  ä §®¢ë© ¬­®¦¨â¥«ì ei�,£¤¥ ä §  � ­¥ § ¢¨á¨â ®â ª®®à¤¨­ âë, ¯«®â­®áâì â®ª  ¢¥à®ïâ­®áâ¨~j = 0.4.1.5 �à®æ¥áá ¨§¬¥à¥­¨ï ¨ à¥¤ãªæ¨ï ¢®«­®¢®£® ¯ ª¥â �à ¢­¥­¨¥ �à¥¤¨­£¥à , ª ª á«¥¤ã¥â ¨§ ¥£® ï¢­®£® ¢¨¤  (4.24), ®¯¨-áë¢ ¥â ¨§¬¥­¥­¨¥ ¢®«­®¢®© äã­ªæ¨¨ á® ¢à¥¬¥­¥¬ ¯®¤ ¤¥©áâ¢¨¥¬ ¢§ -¨¬®¤¥©áâ¢¨ï ¢ ª¢ ­â®¢®© á¨áâ¥¬¥. �¥¯¥àì à áá¬®âà¨¬, çâ® ¯à®¨áå®-¤¨â á ª¢ ­â®¢®© á¨áâ¥¬®© ¢ ¯à®æ¥áá¥ ¨§¬¥à¥­¨ï. �à®æ¥áá ¨§¬¥à¥­¨ïª ª®©-«¨¡® å à ªâ¥à¨áâ¨ª¨ ª¢ ­â®¢®© á¨áâ¥¬ë ¯à¥¤áâ ¢«ï¥â ¢§ ¨-¬®¤¥©áâ¢¨¥ ª¢ ­â®¢®© á¨áâ¥¬ë á ¬ ªà®áª®¯¨ç¥áª¨¬ ¯à¨¡®à®¬. �à¥§ã«ìâ â¥ íâ®£® ¬¥­ïîâáï ­ ç «ì­ë¥ ãá«®¢¨ï ®¯à¥¤¥«ïîé¨¥ §­ -ç¥­¨¥ ¢®«­®¢®© äã­ªæ¨¨ ¢® ¢á¥ ¯®á«¥¤ãîé¨¥ ¬®¬¥­âë ¢à¥¬¥­¨, ¨ª¢ ­â®¢ ï á¨áâ¥¬  ¯¥à¥å®¤¨â ¨§ ®¤­®£® ª¢ ­â®¢®£® á®áâ®ï­¨ï ¢ ¤àã-£®¥. �âáî¤  á«¥¤ã¥â, çâ® ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ ¯à®æ¥áá ¨§¬¥à¥­¨ï65



¬¥­ï¥â á ¬® ª¢ ­â®¢®¥ á®áâ®ï­¨¥,  , á«¥¤®¢¥â¥«ì­®, ¨ ¥£® ¢®«­®¢ãîäã­ªæ¨î. � ª®¥ ¨§¬¥­¥­¨¥ ¢®«­®¢®© äã­ªæ¨¨ ­ §ë¢ îâ à¥¤ãªæ¨¥©¢®«­®¢®£® ¯ ª¥â .�ãáâì, ­ ¯à¨¬¥à, ¢®«­®¢ ï äã­ªæ¨ï í«¥ªâà®­  ¯à¥¤áâ ¢«ï¥â ¯«®-áªãî ¢®«­ã (3.37). � íâ®¬ á«ãç ¥, ª ª ¬ë ã¦¥ £®¢®à¨«¨, í«¥ªâà®­¨¬¥¥â ®¯à¥¤¥«¥­­®¥ §­ ç¥­¨¥ ¨¬¯ã«ìá  ~p = �h~k,   ¥£® ª®®à¤¨­ â  ­¥¨§¢¥áâ­ . � ®¯ëâ¥ ¯® ¤¨äà ªæ¨¨ í«¥ªâà®­  ¬®¦­® ¢ ¯à¨­æ¨¯¥ ¨§¬¥-à¨âì ¨¬¯ã«ìá ~p á «î¡®© ­ ¯¥à¥¤ § ¤ ­®© â®ç­®áâìî �p. �¤­ ª® íâãæ¥«ì ¬®¦¥â ¤®áâ¨£­ãâì ¨áá«¥¤®¢ â¥«ì â®«ìª® § ä¨ªá¨à®¢ ¢ ¯à¨¡®-à®¬ ¯®«®¦¥­¨¥ í«¥ªâà®­  ~x ¢ ¯à®áâà ­áâ¢¥. � ª¨¬ ®¡à §®¬ í«¥ª-âà®­ ¨§ á®áâ®ï­¨ï á ®¯à¥¤¥«¥­­ë¬ §­ ç¥­¨¥¬ ¨¬¯ã«ìá  ¨ ­¥®¯à¥¤¥-«¥­­ë¬ §­ ç¥­¨¥¬ ª®®à¤¨­ âë ¯¥à¥©¤¥â ¢ á®áâ®ï­¨¥ á ®¯à¥¤¥«¥­­ë¬§­ ç¥­¨¥¬ ª®®à¤¨­ âë ~x ¨ ­¥®¯à¥¤¥«¥­­ë¬ §­ ç¥­¨¥¬ ¨¬¯ã«ìá . �á¢®î ®ç¥à¥¤ì ¢®«­®¢ ï äã­ªæ¨ï í«¥ªâà®­  ¨§ ¯«®áª®© ¢®«­ë à¥¤ã-æ¨àã¥âáï ¢ ¢®«­®¢®© ¯ ª¥â, à §¬¥à ª®â®à®£® áâ ­¥â ¯®àï¤ª �x � �h�p.4.2 �â æ¨®­ à­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤¨­-£¥à 4.2.1 �â æ¨®­ à­®¥ ãà ¢­¥­¨¥ �à¥¤¨­£¥à � áá¬®âà¨¬ ç áâ­ë© ¯à¨¬¥à ãà ¢­¥­¨ï �à¥¤¨­£¥à  ¤«ï á«ãç ï, ª®-£¤  ¯®â¥­æ¨ « U = U (~x) ï¢­ë¬ ®¡à §®¬ ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨ (áâ -æ¨®­ à­ ï § ¤ ç ).�§ ª« áá¨ç¥áª®© ¬¥å ­¨ª¨ ¨§¢¥áâ­®, çâ® ¥á«¨ £ ¬¨«ìâ®­¨ ­ á¨-áâ¥¬ë ï¢­ë¬ ®¡à §®¬ ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨, â® í­¥à£¨ï ï¢«ï¥âáï¨­â¥£à «®¬ ¤¢¨¦¥­¨ï. �ç¥¢¨¤­®, çâ® íâ® ¦¥ ¨¬¥¥â ¬¥áâ® ¨ ¢ ª¢ ­-â®¢®¬ á«ãç ¥, â.ª. ¯®«­ ï ¯à®¨§¢®¤­ ï ¯® ¢à¥¬¥­¨ ®â ®¯¥à â®à  � -¬¨«ìâ®­  à ¢­  ­ã«î:dĤdt = @Ĥ@t + i�h[Ĥ; Ĥ] = 0: (4.29)�¢ ­â®¢ë¥ á®áâ®ï­¨ï á í­¥à£¨¥© ­¥ ¨§¬¥­ïîé¥©áï á® ¢à¥¬¥­¥¬ ­ §ë-¢ îâ áâ æ¨®­ à­ë¬¨ á®áâ®ï­¨ï¬¨. �­¨ ¤®«¦­ë ®¯¨áë¢ âìáï ¢®«-­®¢ë¬¨ äã­ªæ¨ï¬¨ ï¢«ïîé¨¬¨áï á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ ®¯¥à -66



â®à  � ¬¨«ìâ®­  Ĥ	n(t; ~x) = En	n(t; ~x); (4.30)£¤¥ ¨­¤¥ªá n ­ã¬¥àã¥â ¢®§¬®¦­ë¥ í­¥à£¥â¨ç¥áª¨¥ á®áâ®ï­¨ï. �â®â¨­¤¥ªá ¬®¦¥â ¡ëâì ¤¨áªà¥â­ë¬ ¨ ­¥¯à¥àë¢­ë¬. � ¯¥à¢®¬ á«ãç ¥ ­ -¡®à í­¥à£¨© ¯à¥¤áâ ¢«ï¥â ¤¨áªà¥â­ë© í­¥à£¥â¨ç¥áª¨© á¯¥ªâà. �®¢â®à®¬ á«ãç ¥ í­¥à£¨ï ª¢ ­â®¢®© ç áâ¨æë ¬¥­ï¥âáï ­¥¯à¥àë¢­® ¨®¡à §ã¥â ­¥¯à¥àë¢­ë© á¯¥ªâà. �¨áªà¥â­ë¬ ®­ ¡ë¢ ¥â ¢á¥£¤  ¤«ïá«ãç ï á¢ï§ ­­®£® á®áâ®ï­¨ï, â.¥. â ª®£® á®áâ®ï­¨ï, ª®£¤  ª¢ ­â®¢®¥¤¢¨¦¥­¨¥ ç áâ¨æë ®£à ­¨ç¥­® ¨ ¢¥à®ïâ­®áâì ®¡­ àã¦¨âì ¯®á«¥¤­îî­  ¡¥áª®­¥ç­® ¡®«ìè®¬ à ááâ®ï­¨¨ ®â ¯à¨âï£¨¢ îé¥£® æ¥­âà  à ¢-­  ­ã«î. �à¨¬¥à ¬¨ â ª¨å á®áâ®ï­¨© ¬®£ãâ ¡ëâì í­¥à£¥â¨ç¥áª¨¥ãà®¢­¨ í«¥ªâà®­  ¢  â®¬¥ ¢®¤®à®¤ . � á¢®î ®ç¥à¥¤ì ­¥¯à¥àë¢­ë©á¯¥ªâà ¡ë¢ ¥â, ª®£¤  ª¢ ­â®¢®¥ ¤¢¨¦¥­¨¥ ç áâ¨æë ­¥ ®£à ­¨ç¥­® ¢¯à®áâà ­áâ¢¥, ­ ¯à¨¬¥à á¢®¡®¤­ë© í«¥ªâà®­ .�à ¢­¥­¨¥ �à¥¤¨­£¥à  (4.24) ¤«ï ¢®«­®¢®© äã­ªæ¨¨ 	n(t; ~x) á¢®-¤¨âáï ª «¨­¥©­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨îi�h@	n(t; ~x)@t = En	n(t; ~x); (4.31)ª®â®à®¥ ¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥­¨¥	n(t; ~x) = exp "�iEnt�h # n(~x): (4.32)�à¨ íâ®¬ äã­ªæ¨ï  n(~x) â®¦¥ ­ §ë¢ ¥âáï ¢®«­®¢®© äã­ªæ¨¥©. �­ ã¤®¢«¥â¢®àï¥â áâ æ¨®­ à­®¬ã ãà ¢­¥­¨î �à¥¤¨­£¥à 0@��h2�2m + U1A n(~x) = En n(~x): (4.33)� á«ãç ¥, ª®£¤  ª ¦¤®¬ã §­ ç¥­¨î í­¥à£¨¨ En á®®â¢¥âáâ¢ã¥â ®¤-­  á®¡áâ¢¥­­ ï äã­ªæ¨ï  n(~x), £®¢®àïâ, çâ® á¯¥ªâà í­¥à£¨© ­¥¢ëà®-¦¤¥­. �¤­ ª® ç áâ® ¢áâà¥ç ¥âáï á¨âã æ¨ï, ª®£¤  ®¤­®¬ã §­ ç¥­¨îí­¥à£¨¨ En á®®â¢¥âáâ¢ã¥â ­¥áª®«ìª® ¨«¨ ¡¥áª®­¥ç­® ¬­®£® «¨­¥©­®-­¥§ ¢¨á¨¬ëå á®¡áâ¢¥­­ëå äã­ªæ¨©  n�(~x), £¤¥ ¨­¤¥ªá � ­ã¬¥àã¥âà §«¨ç­ë¥ äã­ªæ¨¨, ®â¢¥ç îé¨¥ ®¤­®© í­¥à£¨¨ En. � íâ®¬ á«ãç ¥67



£®¢®àïâ, çâ® á¯¥ªâà ¢ëà®¦¤¥­, ¢®«­®¢ë¥ äã­ªæ¨¨  n�(~x) ­ §ë¢ îâ¢ëà®¦¤¥­ë¬¨ à¥è¥­¨ï¬¨,   á®®â¢¥âáâ¢ãîé¨¥ ª¢ ­â®¢ë¥ á®áâ®ï­¨ï¢ëà®¦¤¥­­ë¬¨ á®áâ®ï­¨ï¬¨. � ª ¯à ¢¨«® ­ «¨ç¨¥ ¢ëà®¦¤¥­­ëåá®áâ®ï­¨© á¢ï§ ­® á á¨¬¬¥âà¨¥© £ ¬¨«ìâ®­¨ ­ 1.4.2.2 �ë¡®à ­®à¬¨à®¢ª¨ ¤«ï ¤¨áªà¥â­®£® ¨ ­¥¯à¥àë¢­®£®á¯¥ªâà®¢�®­¥ç­®, ¢®«­®¢ ï äã­ªæ¨ï ~ n(~x) = N n(~x), £¤¥ N | ¯®áâ®ï­-­ë© ¬­®¦¨â¥«ì (­ §ë¢ ¥¬ë© ­®à¬¨à®¢ª®©), â®¦¥ ï¢«ï¥âáï à¥è¥-­¨¥¬ ãà ¢­¥­¨ï (4.33). �â®¡ë ®¯à¥¤¥«¨âì ­®à¬¨à®¢ªã ­¥®¡å®¤¨¬ë¤®¯®«­¨â¥«ì­ë¥ ä¨§¨ç¥áª¨¥ á®®¡à ¦¥­¨ï.� ç­¥¬ á ¤¨áªà¥â­®£® á¯¥ªâà . � ª £®¢®à¨«®áì ¢ëè¥, ª¢ ¤à â ¬®-¤ã«ï ¢®«­®¢®© äã­ªæ¨¨ ¯à¥¤áâ ¢«ï¥â ¢¥à®ïâ­®áâì ®¡­ àã¦¨âì ª¢ ­-â®¢®¥ á®áâ®ï­¨¥ ¢ â®çª¥ ¯à®áâà ­áâ¢  ~x. �®« £ ï, çâ® ¢¥à®ïâ­®áâì®¡­ àã¦¨âì ª¢ ­â®¢®¥ á®áâ®ï­¨¥ ¢® ¢á¥¬ ¯à®áâà ­áâ¢¥ à ¢­  ¥¤¨­¨-æ¥, á«¥¤ã¥â ¯®«®¦¨âì, çâ®Z d3xj	n(t; ~x)j2 = Z d3xj n(~x)j2 = 1: (4.34)�â® ä¨ªá¨àã¥â ¢ë¡®à ¬®¤ã«ï ­®à¬¨à®¢®ç­®£® ¬­®¦¨â¥«ï N . �¤­ -ª® ä §  ®áâ ¥âáï ¯à®¨§¢®«ì­®© ¨ ­¥ ¢«¨ï¥â ­  ä¨§¨ç¥áª¨© ®â¢¥â.�â¬¥â¨¬, çâ® ¤«ï ¤¨áªà¥â­®£® á¯¥ªâà  ¨­â¥£à « (4.34) áå®¤¨âáï,â.ª. ¢¥à®ïâ­®áâì ®¡­ àã¦¨âì ç áâ¨æã ¡¥áª®­¥ç­® ¤ «¥ª® ®â ¯à¨âï-£¨¢ îé¥£® æ¥­âà  à ¢­  ­ã«î: j n(~x)j2 ! 0, ª®£¤  j~xj ! 12.�à®¬¥ â®£®, ¬®¦­® ¯®ª § âì, çâ® à¥è¥­¨ï áâ æ¨®­ à­®£® ãà ¢-­¥­¨ï �à¥¤¨­£¥à  ¢§ ¨¬®®àâ®£®­ «ì­ë (á¬. � ¤ çã 4.2). � ª¨¬®¡à §®¬ ¯®«ãç ¥âáï á«¥¤ãîé¥¥ ®¡é¥¥ ãá«®¢¨¥ ­®à¬¨à®¢ª¨ ¤«ï á®-áâ®ï­¨© ¤¨áªà¥â­®£® á¯¥ªâà Z d3x �n(~x) m(~x) = �nm; (4.35)£¤¥ �nm | á¨¬¢®« �à®­¥ª¥à .1� á«ãç ¥, ª®£¤  ¢ëà®¦¤¥­¨¥ ­¥ á¢ï§ ­® á á¨¬¬¥âà¨¥© £ ¬¨«ìâ®­¨ ­  £®¢®àïâ ® á«ãç ©­®¬¢ëà®¦¤¥­¨¨.2�á¥£¤  áç¨â ¥âáï, çâ® ¢®«­®¢ ï äã­ªæ¨ï ­¥ ¨¬¥¥â ®á®¡¥­­®áâ¥© ¢® ¢á¥¬ ¯à®áâà ­áâ¢¥.68



�«ï ­¥¯à¥àë¢­®£® á¯¥ªâà  ¢¥à®ïâ­®áâì ®¡­ àã¦¨âì ç áâ¨æã ¡¥á-ª®­¥ç­® ¤ «¥ª® ®â ¤ ­­®© â®çª¨ ­¥ à ¢­  ­ã«î ¨ ¯®íâ®¬ã ¨­â¥£à «â¨¯  (4.34) à áå®¤¨âáï. �®íâ®¬ã ãá«®¢¨¥ ­®à¬¨à®¢ª¨ ¢ë¡¨à ¥âáïª ª ®¡®¡é¥­¨¥ ä®à¬ã«ë (4.35):Z d3x �k(~x) q(~x) = �(k � q); (4.36)£¤¥ á¨¬¢®« �à®­¥ª¥à  § ¬¥­¥­ ­  �-äã­ªæ¨î �¨à ª .4.2.3 �ã¯¥à¯®§¨æ¨ï ª¢ ­â®¢ëå á®áâ®ï­¨©� ¬¥â¨¬, çâ® ¤«ï ¯®â¥­æ¨ «  ­¥ § ¢¨áïé¥£® ï¢­® ®â ¢à¥¬¥­¨ ®¡é¥¥à¥è¥­¨¥ ãà ¢­¥­¨ï �à¥¤¨­£¥à  (4.24) ¬®¦¥â ¡ëâì § ¯¨á ­® ª ª «¨-­¥©­ ï áã¯¥à¯®§¨æ¨ï à¥è¥­¨© (4.32)	(t; ~x) = Xn an exp "�iEnt�h # n(~x): (4.37)�á«®¢¨¥ ­®à¬¨à®¢ª¨ ¤«ï ¢®«­®¢®© äã­ªæ¨¨ (4.37) á¢¥¤¥âáï ª ãá«®-¢¨î Xn janj2 = 1: (4.38)�£® ä¨§¨ç¥áª¨© á¬ëá« á®áâ®¨â ¢ â®¬, çâ® áã¬¬  ¢á¥å ¢¥à®ïâ­®áâ¥©®¡­ àã¦¨âì ª¢ ­â®¢ãî á¨áâ¥¬ã ¢ à §«¨ç­ëå á®áâ®ï­¨ïå n à ¢­  ¥¤¨-­¨æ¥. �â¬¥â¨¬, çâ® ¤«ï â ª®£® à¥è¥­¨ï ã¦¥ ­¥â á¬ëá«  £®¢®à¨âì ®¡®¯à¥¤¥«¥­­®¬ §­ ç¥­¨¨ í­¥à£¨¨. �®¦­® â®«ìª® £®¢®à¨âì ® ¥¥ áà¥¤-­¥¬ §­ ç¥­¨¨ hEi = Xn janj2En: (4.39)� á«ãç ¥ ­¥¯à¥àë¢­®£® á¯¥ªâà  áã¬¬¨à®¢ ­¨¥ ¢ (4.37)-(4.39) á«¥¤ã¥â§ ¬¥­¨âì ­  ¨­â¥£à¨à®¢ ­¨¥ ¯® ­¥¯à¥àë¢­®¬ã ¨­¤¥ªáã	(t; ~x) = Z dka(k) exp 24�iE(k)t�h 35 k(~x);Z dkja(k)j2 = 1;hEi = Z dkja(k)j2E(k): (4.40)69



4.3 � ¤ ç¨� ¤ ç  4.1.�®ª § âì, çâ® ¤«ï ª®¬¬ãâ â®à  [Â; [B̂; Ĉ]] ¢ë¯®«­ï¥âáï â®¦¤¥-áâ¢® �ª®¡¨.� ¤ ç  4.2.�®áâà®¨âì ®àâ®­®à¬¨à®¢ ­­ë© ­ ¡®à á®¡áâ¢¥­­ëå äã­ªæ¨© íà¬¨-â®¢®£® ®¯¥à â®à , ª®â®àë© á®®â¢¥âáâ¢ã¥â ¤¨áªà¥â­®¬ã á¯¥ªâàã.�¥è¥­¨¥3�ãáª ©  n�(~x) | ­®à¬¨à®¢ ­­ ï á®¡áâ¢¥­­ ï äã­ªæ¨ï íà¬¨â®¢®£®®¯¥à â®à  F̂ , ª®â®à ï á®®â¢¥âáâ¢ã¥â á®¡áâ¢¥­­®¬ã §­ ç¥­¨¥ FnF̂  n�(~x) = Fn n�(~x)Z j n�(~x)j2 d3x = 1; (4.41)¯à¨ç¥¬ ®¡  ¨­¤¥ªá  ¤¨áªà¥â­ë. �­¤¥ªá n ­ã¬¥àã¥â á®¡áâ¢¥­­ë¥§­ ç¥­¨ï,   ¨­¤¥ªá � ¢¢¥¤¥­ ¤«ï ­ã¬¥à æ¨¨ ¢ëà®¦¤¥­­ëå á®áâ®ï­¨©¯à¨ ä¨ªá¨à®¢ ­­®¬ n. �ãáâì Fn1 ¨ Fn2 | ¤¢  á®¡áâ¢¥­­ëå §­ ç¥­¨ï®¯¥à â®à . �¬­®¦¨¬ á«¥¢  ãà ¢­¥­¨¥ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¤«ïn1 ­  äã­ªæ¨î  �n2�2(~x) ¨ ¯à®¨­â¥£à¨àã¥¬ ¯® ®¡ê¥¬ãZ  �n2�2(~x)F̂  n1�1(~x)d3x = Fn1 Z  �n2�2(~x) n1�1(~x)d3x: (4.42)�®§ì¬¥¬ íà¬¨â®¢®¥ á®¯àï¦¥­¨¥ ¤«ï ¢â®à®£® ãà ¢­¥­¨ï ­  á®¡-áâ¢¥­­ë¥ §­ ç¥­¨ï  �n2�2(~x)F̂ = Fn2 �n2�2(~x); (4.43)£¤¥ ¬ë ¢®á¯®«ì§®¢ «¨áì íà¬¨â®¢®áâìî ®¯¥à â®à  ¨ ãá«®¢¨¥¬, çâ®¥£® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¤¥©áâ¢¨â¥«ì­ë. � «¥¥ ã¬­®¦¨¬ á¯à ¢ ãá«®¢¨¥ (4.43) ­   n1�1(~x) ¨ ¯à®¨­â¥£à¨àã¥¬Z  �n2�2(~x)F̂  n1�1(~x)d3x = Fn2 Z  �n2�2(~x) n1�1(~x)d3x: (4.44)3� ¨§«®¦¥­¨¨ íâ®£® ¢®¯à®á  ¬ë á«¥¤ã¥¬ ª­¨£¥: �.�. � ¢ë¤®¢, �¢ ­â®¢ ï ¬¥å ­¨ª . �, � ãª ,1973 £. 70



�â­¨¬ ï ®â (4.42) ãá«®¢¨¥ (4.44) ¯®«ãç¨¬(Fn1 � Fn2) Z  �n2�2(~x) n1�1(~x)d3x = 0: (4.45)�á«¨ n1 6= n2 â® Fn1 � Fn2 6= 0 ¨ ¨§ (4.45) ­ å®¤¨¬Z  �n2�2(~x) n1�1(~x)d3x = �n1n2f�1�2: (4.46)�à¨ n1 = n2 = n ¢ëà ¦¥­¨¥ Fn1 � Fn2 ®¡à é ¥âáï ¢ ­ã«ì ¨ äã­ª-æ¨¨  n�1(~x) ¨  n�2(~x) ­¥ ®¡ï§ ­ë ¡ëâì ®àâ®£®­ «ì­ë¬¨. �¥¬ ­¥¬¥­¥¥ ¢¬¥áâ® ­ ¡®à  äã­ªæ¨©  n1(~x);  n2(~x); : : : ;  nr(~x), ª®â®-àë¥ á®®â¢¥âáâ¢ãîâ ®¤­®¬ã r-ªà â­® ¢ëà®¦¤¥­­®¬ã á®¡áâ¢¥­­®-¬ã á®áâ®ï­¨î ¬®¦­® ­ ©â¨ ­ ¡®à ¨§ r ¤àã£¨å ¢®«­®¢ëå äã­ªæ¨©~ n1(~x); ~ n2(~x); : : : ; ~ nr(~x), ª®â®àë¥ á®®â¢¥âáâ¢ãîâ â®¬ã¦¥ á®¡-áâ¢¥­­®¬ã §­ ç¥­¨î En ¨ ¢§ ¨¬­® ®àâ®£®­ «ì­ë.�¡¥¤¨¬áï ¢ íâ®¬ ­  ¯à¨¬¥à¥, ª®£¤  ¢ëà®¦¤¥­­®áâì ãà®¢­ï à ¢­ r = 2. �®«®¦¨¬, çâ® ­®¢ë¥ äã­ªæ¨¨ áãâì~ n1(~x) =  n1(~x) ¨ ~ n2(~x) = N2[ n1(~x) + � n2(~x)]: (4.47)�á«¥¤áâ¢¨¨ «¨­¥©­®áâ¨ ®¯¥à â®à  F̂ íâ¨ äã­ªæ¨¨ ¡ã¤ãâ ¥£® á®¡-áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ á á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ Fn. �®âà¥¡ã¥¬çâ®¡ë Z ~ �n1(~x) ~ n2(~x)d3x = 0; (4.48)®âªã¤  � = � �Z  �n1(~x) n2(~x)d3x��1 : (4.49)�®­áâ ­âã N2 «¥£ª® ­ ©â¨ ¨§ ãá«®¢¨ï ­®à¬¨à®¢ª¨. � à¥§ã«ìâ â¥¤«ï äã­ªæ¨© ~ n�(~x) ¨¬¥¥¬ ãá«®¢¨¥ ®àâ®­®à¬¨à®¢ ­­®áâ¨Z ~ �n1�1(~x) ~ n2�2(~x) = �n1n2��1�2: (4.50)
71



�« ¢  5�¢ ­â®¢ ï ¬¥å ­¨ª  ¢¯à®áâ¥©è¨å ®¤­®¬¥à­ëå á¨áâ¥¬ å5.1 �¢®¡®¤­®¥ ¤¢¨¦¥­¨¥ ç áâ¨æë� ª ç¥áâ¢¥ ¯¥à¢®£® ¯à¨¬¥à  à áá¬®âà¨¬ á«ãç ©, ª®£¤  ¯®â¥­æ¨ «U = 0 ¨ ª¢ ­â®¢ ï ç áâ¨æ  ï¢«ï¥âáï á¢®¡®¤­®©. �¢¨¦¥­¨¥ ï¢«ï¥âáïáâ æ¨®­ à­ë¬ ¨ ãà ¢­¥­¨¥ �à¥¤¨­£¥à  (4.33) á¢®¤¨âáï ª��h2�2m  (~x) = E (~x): (5.1)�«ï ¯à®áâ®âë ®¡áã¤¨¬ á­ ç «  ¯®¢¥¤¥­¨¥ ç áâ¨æë ¢ ®¤­®¬¥à­®¬¯à®áâà ­áâ¢¥. �¤­®¬¥à­®¥ ãà ¢­¥­¨¥ �à¥¤¨­£¥à  ¨¬¥¥â ¢¨¤� �h22md2 (x)dx2 = E (x): (5.2)�­® ¨¬¥¥â ¤¢  à¥è¥­¨ï p(x) = A expf�ikxg; £¤¥ k = p�h; (5.3)¯à¨ç¥¬ ¢®«­®¢®¥ ç¨á«® k ¯à¨­¨¬ ¥â «î¡ë¥ à¥ «ì­ë¥ §­ ç¥­¨ï,  í­¥à£¨ï E(p) á®£« á­® ãà ¢­¥­¨î�à¥¤¨­£¥à  (5.1) ¯à¥¤áâ ¢«ï¥â ª¨-­¥â¨ç¥áªãî í­¥à£¨î ç áâ¨æë ¬ ááë mE(p) = p22m: (5.4)72



�¢¨¤ã â®£®, çâ® ä §  ­®à¬¨à®¢®ç­®£® ¬­®¦¨â¥«ï ­¥ ¢«¨ï¥â ­ ä¨§¨ç¥áª¨© ®â¢¥â, ¯®«®¦¨¬ ª®­áâ ­âã ­®à¬¨à®¢ª¨ A ¤¥©áâ¢¨â¥«ì-­®© ¢¥«¨ç¨­®© ¨ § ä¨ªá¨àã¥¬ ­®à¬¨à®¢ªã ¨§ ãá«®¢¨ï (4.36)Z 1�1 dx �p0(x) p(x) = A2 Z 1�1 dx exp8<:�i(p � p0)x�h 9=; == 2�A2�h�(p� p0) = �(p� p0): (5.5)�âªã¤  A = vuut 12��h: (5.6)�ª®­ç â¥«ì­® ¯®«ãç ¥¬ ¤¢  ¢ëà ¦¥­¨ï ¤«ï ¢®«­®¢®© äã­ªæ¨¨	(t; x), ª®â®àë¥ á®®â¢¥âáâ¢ãîâ ®¤­®© í­¥à£¨¨ (5.4)	1(t; x) = vuut 12��h exp (� i�h(E(p)t � px)) ;	2(t; x) = vuut 12��h exp (� i�h(E(p)t + px)) : (5.7)�®¤¥©áâ¢ã¥¬ ­  ­ ©¤¥­­ë¥ à¥è¥­¨ï ®¯¥à â®à®¬ ¨¬¯ã«ìá  (4.22)p̂	1(t; x) = �hi @@xvuut 12��h exp(� i�h(E(p)t � px)) == pvuut 12��h exp(� i�h(E(p)t � px)) == p	1(t; x);p̂	2(t; x) = �hi @@xvuut 12��h exp(� i�h(E(p)t + px)) == �p	2(t; x): (5.8)� ª¨¬ ®¡à §®¬, à¥è¥­¨ï 	1(t; x) ¨ 	2(t; x) á®®â¢¥âáâ¢ãîâ á¢®¡®¤­ë¬ç áâ¨æ ¬ á ®¤¨­ ª®¢®© í­¥à£¨¥© ¨ ¨¬¯ã«ìá ¬¨ p ¨ �p. �à¨ç¥¬ ®¡ à¥è¥­¨ï ¯à¥¤áâ ¢«ïîâ ¯«®áªãî ¢®«­ã. �¤­ ª® ¢ ¯¥à¢®¬ á«ãç ¥ ¢®«-­  à á¯à®áâà ­ï¥âáï ¨§ â®çª¨ x = �1 ¢ â®çªã x = +1. �® ¢â®à®¬á«ãç ¥ ®­  à á¯à®áâà ­¥ï¥âáï ¢ ®¡à â­®¬ ­ ¯à ¢«¥­¨¨.73



�¦¥ £®¢®à¨«®áì, çâ® ­ «¨ç¨¥ ¢ëà®¦¤¥­¨ï, ª ª ¯à ¢¨«®, á¢ï§ ­®á á¨¬¬¥âà¨¥© £ ¬¨«ìâ®­¨ ­ . � ¤ ­­®¬ á«ãç ¥ £ ¬¨«ìâ®­¨ ­ Ĥ =��h2�2m ­¥ ¨§¬¥­ï¥âáï ¯à¨ ¨­¢¥àá¨¨ ¯à®áâà ­áâ¢ , â.¥. ¯à¨ ¤¨áªà¥â­®¬¯à¥®¡à §®¢ ­¨¨ x ! �x, çâ® ¨ ¯à¨¢®¤¨â ª ¢ëà®¦¤¥­¨î á¯¥ªâà .�¥©áâ¢¨â¥«ì­® «¥£ª® ¢¨¤¥âì, çâ® ¯à¨ â ª®¬ ¯à¥®¡à §®¢ ­¨¨ ®¤­® ¨§à¥è¥­¨© (5.7) ¯¥à¥å®¤¨â ¢ ¤àã£®¥	1(t; x) ! 	1(t;�x) = 	2(t; x);	2(t; x) ! 	2(t;�x) = 	1(t; x): (5.9)�¥¯¥àì à áá¬®âà¨¬ ¤¢¨¦¥­¨ï á¢®¡®¤­®© ç áâ¨æë ¢ âà¥å¬¥à­®¬¯à®áâà ­áâ¢¥. � ãà ¢­¥­¨¨ �à¥¤¨­£¥à  (5.1) à §¤¥«ïîâáï ¯¥à¥¬¥­-­ë¥ x, y ¨ z ¨ ¯®«­ ï ¢®«­®¢ ï äã­ªæ¨ï ¯à¨­¨¬ ¥â ¢¨¤	~p(t; ~x) = e� i�hE(~p)t px(t; x) py(t; y) pz(t; z) ==  12��h!32 exp(� i�h [E(~p) t� ~p~x]) ; (5.10)£¤¥ E(~p) = ~p 22m: (5.11)�â¬¥â¨¬, çâ® ¢ ®â«¨ç¨¨ ®â ®¤­®¬¥à­®© § ¤ ç¨ â¥¯¥àì ®¤­®¬ã §­ -ç¥­¨î í­¥à£¨¨ á®®â¢¥âáâ¢ã¥â ª®­â¨­¨ã¬ ¢®«­®¢ëå äã­ªæ¨©, ª®â®-àë¥ ®â«¨ç îâáï ­ ¯à ¢«¥­¨¥¬ ¨¬¯ã«ìá  ¨ ¨¬¥îâ ¬®¤ã«ì ä¨ªá¨à®-¢ ­­ë© á®®â­®è¥­¨¥¬ (5.11). � «¨ç¨¥ íâ®£® ¢ëà®¦¤¥­¨ï á¢ï§ ­®á ­¥¯à¥àë¢­®© á¨¬¬¥âà¨¥© £ ¬¨«ìâ®­¨ ­  ®â­®á¨â¥«ì­® ¢à é¥­¨©á¨áâ¥¬ë ª®®à¤¨­ â.� § ª«îç¥­¨¥ íâ®£® à §¤¥«  à áá¬®âà¨¬ ¥é¥ ®¤¨­ á¯®á®¡ ­®à¬¨-à®¢ª¨ ¯«®áª®© ¢®«­ë, ª®â®àë© ¨á¯®«ì§ã¥âáï ¢ â¥®à¨¨ à áá¥ï­¨ï. �íâ®¬ á«ãç ¥ ã¤®¡­® ­®à¬¨à®¢ âì ¢®«­®¢ãî äã­ªæ¨î â ª, çâ®¡ë ¯®-â®ª ¢¥à®ïâ­®áâ¨ ~j à ¢­ï«áï áª®à®áâ¨ ç áâ¨æë ~v:~j = �h2mi h	�~p(t; ~x)r	~p(t; ~x) �r	�~p(t; ~x)	~p(t; ~x)i = ~v; (5.12)£¤¥ ~v = ~pm . �âªã¤  ¯®«ãç ¥¬	~p(t; ~x) = exp(� i�h [E(~p) t� ~p~x]) : (5.13)74



x
U(x)U0I II IIIL�¨á. 5.1: �àï¬®ã£®«ì­ ï ¯®â¥­æ¨ «ì­ ï ï¬  á ª®­¥ç­®© £«ã¡¨­®©. �ã­ªâ¨à ¨§®¡à -¦ ¥â ¢®«­®¢ãî äã­ªæ¨î ­¨¦ ©è¥£® í­¥à£¥â¨ç¥áª®£® á®áâ®ï­¨ï ¤«ï á«ãç ï E < U0.�®«­®¢ ï äã­æ¨ï ­¥ ¯à®¯ ¤ ¥â ¢­¥ ®¡« áâ¨ ï¬ë ¨ ¯®íâ®¬ã ¨¬¥¥â ¬¥áâ® ª®­¥ç­ ï¢¥à®ïâ­®áâì ®¡­ àã¦¨âì §¤¥áì ª¢ ­â®¢ãî ç áâ¨æã.5.2 � áâ¨æ  ¢ ®¤­®¬¥à­®© ¯àï¬®ã£®«ì­®© ï¬¥�ãáâì ¯®â¥­æ¨ « ¨¬¥¥â ä®à¬ã ¨§®¡à ¦¥­­ãî ­  �¨á. 5.1. �ã¤¥¬ à á-á¬ âà¨¢ âì à¥è¥­¨ï áâ æ¨®­ à­®£® ãà ¢­¥­¨ï �à¥¤¨­£¥à  ¢ âà¥å®â¤¥«ì­ëå ®¡« áâïå I, II ¨ III.�­ãâà¨ ï¬ë (®¡« áâì II) ãà ¢­¥­¨¥ �à¥¤¨­£¥à  á¢®¤¨âáï ª�h22m 00(x) + E = 0: (5.14)�­® ¨¬¥¥â ¤¢  à¥è¥­¨ï (5.3). �®íâ®¬ã ®¡é¥¥ à¥è¥­¨¥ ¢ íâ®© ®¡« áâ¨§ ¯¨è¥¬ ª ª ¨å áã¯¥à¯®§¨æ¨î. �ç¥¢¨¤­®, çâ® à¥è¥­¨¥ ¢á¥£¤  ¬®¦­®¯à¥®¡à §®¢ âì ª ¢¨¤ã II(x) = C sin(xk + �); k = vuut2mE�h2 : (5.15)� à ¬¥âàë C ¨ � á«¥¤ã¥â ®¯à¥¤¥«¨âì ¨§ ãá«®¢¨© \áè¨¢ª¨" á à¥è¥-­¨ï¬¨ ¢ ®¡« áâïå I ¨ III. � íâ¨å ®¡« áâïå ãà ¢­¥­¨¥ �à¥¤¨­£¥à ¨¬¥¥â ¢¨¤ �h22m 00(x) + (E � U0) = 0: (5.16)75



�£® à¥è¥­¨ï áãâì I;III (x) = A exp(�iqx); £¤¥ q = vuut2m(E � U0)�h2 : (5.17)� § ¢¨á¨¬®áâ¨ ®â â®£®, í­¥à£¨ï ¬¥­ìè¥ ¨«¨ ¡®«ìè¥ ¢¥«¨ç¨­ë U0,à¥è¥­¨ï (5.17) ¨¬¥îâ à §­ë© å à ªâ¥à. � ¯¥à¢®¬ á«ãç ¥ ®­¨ ¡¥á-ª®­¥ç­® ã¡ë¢ îâì ¨«¨ ¢®§à áâ îâì ­  ¡¥áª®­¥ç­®áâ¨. �® ¢â®à®¬á«ãç ¥ ®­¨ ®áæ¨««¨àãîâ ­  ¡¥áª®­¥ç­®áâ¨. � áá¬®âà¨¬ ®â¤¥«ì­®ª ¦¤ë© ¨§ íâ¨å á«ãç ¥¢.1. �«ãç © E < U0. �¢ï§ ­­ë¥ á®áâ®ï­¨ï�¥è¥­¨ï ¡¥áª®­¥ç­®à áâãé¨¥ ­  ¡¥áª®­¥ç­®áâ¨ ­¥ ï¢«ïîâáï ä¨§¨-ç¥áª¨¬¨. �®íâ®¬ã á«¥¤ã¥â ¢ë¡à âì á«¥¤ãîé¨¥ à¥è¥­¨ï ¢ ®¡« áâïåI ¨ III  I(x) = A exp(�x);  III (x) = B exp(��x);£¤¥ � = vuut2m(U0 �E)�h2 : (5.18)� ª¨¬ ®¡à §®¬, ¢ ®â«¨ç¨¨ ®â ª« áá¨ç¥áª®© ¬¥å ­¨ª¨, £¤¥ ç áâ¨æ  ­¥¬®¦¥â ­ å®¤¨âìáï ¢­¥ ®¡« áâ¨ ï¬ë, ¢ ª¢ ­â®¢®¬ á«ãç ¥ ¨¬¥¥â ¬¥áâ®­¥­ã«¥¢ ï ¢¥à®ïâ­®áâì ®¡­ àã¦¨âì ç áâ¨æã ¢ ®¡« áâïå I ¨ III. �«ï®¯à¥¤¥«¥­¨ï ç¥âëà¥å ¤¥©áâ¢¨â¥«ì­ëå ª®­áâ ­â A, B, C ¨ � ­¥®¡å®-¤¨¬® ­ «®¦¨âì ¯ïâì ãá«®¢¨© | ­¥¯à¥àë¢­®áâ¨ ¢®«­®¢®© äã­ªæ¨¨¨ ¥¥ ¯à®¨§¢®¤­®© ¢® ¢á¥© ®¡« áâ¨ §­ ç¥­¨© x I(0) =  II(0);  0I(0) =  0II(0); II(L) =  III(L);  0II(L) =  0III(L) (5.19)¨ ãá«®¢¨¥ ­®à¬¨à®¢ª¨ Z 1�1 dxj (x)j2 = 1: (5.20)�®«ãç ¥âáï ¯¥à¥®¯à¥¤¥«¥­­ ï á¨áâ¥¬ , ª®â®à ï ¨¬¥¥â à¥è¥­¨ïâ®«ìª® ¯à¨ ®¯à¥¤¥«¥­­ëå (ª¢ ­â®¢ ­ëå) §­ ç¥­¨ïå í­¥à£¨¨ En. �«ï76



®¯à¥¤¥«¥­¨ï í­¥à£¨¨ ¤®áâ â®ç­® à áá¬®âà¥âì ãá«®¢¨¥ áè¨¢ª¨ «®£ -à¨ä¬¨ç¥áª¨å ¯à®¨§¢®¤­ëå ¢®«­®¢®© äã­ªæ¨¨ ¢ â®çª å x = 0 ¨ x = L I(0) 0I(0) =  II(0) 0II(0); II(L) 0II(L) =  III(L) 0III(L): (5.21)�âªã¤  ¯®«ãç ¥¬ á¨áâ¥¬ã ¤¢ãå ãà ¢­¥­¨© ¤«ï ¤¢ãå ­¥¨§¢¥áâ­ëå E¨ � (­ ¯®¬­¨¬, çâ® � ¨ k ¢ëà ¦ îâáï ç¥à¥§ E ¯® ä®à¬ã« ¬ (5.15) ¨(5.18)) 8<: � = kctg��� = kctg(Lk + �); (5.22)ª®â®à ï íª¢¨¢ «¥­â­  á¨áâ¥¬¥8>>>>><>>>>>: sin� = �hkp2mU0sin(Lk + �) = � �hkp2mU0 : (5.23)� «¥¥ ®£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬ ¯à¥¤¥«ì­®£® á«ãç ï, ª®£¤  U0 !1 (�¨á. 5.2). �®£¤  ãà ¢­¥­¨ï (5.23) á¢®¤ïâáï ª8<: sin� = 0sin(Lk + �) = 0: (5.24)�§ ¢¥àå­¥£® ãà ¢­¥­¨ï á«¥¤ã¥â � = 0,   ¨§ ­¨¦­¥£®k = n�L ; n = 1; 2; : : : : (5.25)�®®â¢¥âáâ¢¥­­® í­¥à£¨ï à ¢­ En = �h22m  n�L !2 ; (5.26)  ¢®«­®¢ ï äã­ªæ¨ï ¨¬¥¥â ¢¨¤ n(x) = 8>>><>>>: 0 ¯à¨ x � 0q 2L sin �n�L x� ¯à¨ 0 < x < L0 ¯à¨ x � L (5.27)77



x

U(x)
E1E2
E3E4

�¨á. 5.2: �àï¬®ã£®«ì­ ï ¯®â¥­æ¨ «ì­ ï ï¬  ¡¥áª®­¥ç­®© £«ã¡¨­ë. �à¨¢ë¥ ¨§®¡à -¦ îâ ¢®«­®¢ë¥ äã­ªæ¨¨ ­¨¦ ©è¨å ç¥âëà¥å í­¥à£¥â¨ç¥áª¨å á®áâ®ï­¨© E1, E2, E3¨ E4. �¥¯à¥àë¢­ ï ¦¨à­ ï ªà¨¢ ï |  1(x), ­¥¯à¥àë¢­ ï â®­ª ï ªà¨¢ ï |  2(x),¯ã­ªâ¨à |  3(x) ¨ â®ç¥ç­ ï ªà¨¢ ï |  4(x). �¨á«® ã§«®¢ ã ¢®«­®¢®© äã­ªæ¨¨à ¢­® n� 1.�¯¥æ¨ä¨ª®© ï¬ë ¡¥áª®­¥ç­®© £«ã¡¨­ë ï¢«ï¥âáï â®, çâ® ¢ ­¥© ¢¥à®-ïâ­®áâì ®¡­ àã¦¨âì ç áâ¨æã ¢­¥ ï¬ë à ¢­  ­ã«î.�§ (5.27) ¢¨¤¨¬, çâ® ç¨á«® ã§«®¢ ¢®«­®¢®© äã­ªæ¨¨ ®¯à¥¤¥«ï¥âáïª¢ ­â®¢ë¬ ç¨á«®¬ n ¨ à ¢­® n� 1.�á«¨ ¢ ¢ëà ¦¥­¨¨ ¤«ï í­¥à£¨¨ ¯¥à¥©â¨ ª ¯à¥¤¥«ã L! 0, â® ¯à®-¨§®©¤¥â \¢ëâ «ª¨¢ ­¨¥" ãà®¢­¥© En !1. �â® ï¢«¥­¨¥ «¥£ª® ¯®­ïâìá â®çª¨ §à¥­¨ï ¯à¨­æ¨¯  ­¥®¯à¥¤¥«¥­­®áâ¥©: ¢ ãª § ­®¬ ¯à¥¤¥«¥�x! 0 ¨, á«¥¤®¢ â¥«ì­®, �p = �h�x !1,  , §­ ç¨â, ¨ E !1.2. �«ãç © E > U0. � áá¥ï­¨¥ ­  ¯®â¥­æ¨ «ì­®© ï¬¥� íâ®¬ á«ãç ¥ à¥è¥­¨ï ¢­¥ ï¬ë ¨¬¥îâ ®áæ¨««¨àãîé¨© å à ªâ¥à ¨á®¤¥à¦¨â ­¥ ®¤­ã,   ¤¢¥ ª®­áâ ­âë I;III(x) = AI;III1 exp(ix�h p2mE) + AI;III2 exp (�ix�hp2mE) : (5.28)78



-6 xU(x) �U0I II III�b b
�¨á. 5.3: �àï¬®ã£®«ì­ ï ¯®â¥­æ¨ «ì­ ï ï¬ . � á«ãç ¥, ª®£¤  E > 0, ª« áá¨ç¥áª ïç áâ¨æ  ¤¢¨¦¥âáï á¢®¡®¤­® ¢® ¢á¥¬ ¯à®áâà ­áâ¢¥ ãáª®àïïáì ¢ ®¡« áâ¨ ¤¥©áâ¢¨ï ¯®-â¥­æ¨ « . �®«­  ç áâ¨ç­® ¯à®å®¤¨â ç¥à¥§ ®¡« áâì ¤¥©áâ¢¨ï ¯®â¥­æ¨ « ,   ç áâ¨ç­®®âà ¦ ¥âáï.�®íâ®¬ã £à ­¨ç­ë¥ ãá«®¢¨ï à §à¥è¥­ë ¯à¨ «î¡ëå §­ ç¥­¨ïå k ¨ª¢ ­â®¢ ­¨¥ í­¥à£¨¨ ®âáãâáâ¢ã¥â.�â®¡ë à¥è¨âì íâã § ¤ çã ¡ã¤¥¬ ®âáç¨âë¢ âì í­¥à£¨î ­¥ ®â ¤­ ï¬ë,   ®â ¥¥ ¯®¢¥àå­®áâ¨. �à®¬¥ â®£® ã¤®¡­® à á¯®«®¦¨âì ï¬ã á¨¬-¬¥âà¨ç­® ®â­®á¨â¥«ì­® ­ ç «  ª®®à¤¨­ â (�¨á. 5.3).�¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤¨­£¥à  ¤«ï âà¥å ®¡« áâ¥© ¨¬¥îâ ¢¨¤ I = A1eik0x + B1e�ik0x; k0 = vuut2mE�h2 ; II = A2eikx + B2e�ikx; k = vuut2m(E + U0)�h2 ; III = A3eik0x + B3e�ik0x; k0 = vuut2mE�h2 ; (5.29)�ãáâì ç áâ¨æ  ¤¢¨£ ¥âáï á«¥¢  ­ ¯à ¢® ¢¤®«ì ®á¨ x. �®áâ¨£ ï¯®â¥­æ¨ «ì­®© ï¬ë ®­  ¨á¯ëâë¢ ¥â ¤¥©áâ¢¨¥ á¨«. �à¨ç¥¬ ®­  «¨¡®®âà §¨âáï, «¨¡® ¯à®©¤¥â ç¥à¥§ ï¬ã. �­ ç¨â ¢ ®¡« áâ¨ III ¡ã¤¥â â®«ì-ª® ¯ ¤ îé ï ¢®«­  ¨ ­¥®¡å®¤¨¬® ¯®«®¦¨âì ª®íää¨æ¨¥­â B3 = 0.79



�® ä¨§¨ç¥áª®¬ã á¬ëá«ã ¢®«­®¢®© äã­ªæ¨¨ ¢¥«¨ç¨­  D = ����A3A1 ����2à ¢­  ¢¥à®ïâ­®áâ¨ ¯à®å®¦¤¥­¨ï ¢®«­ë ç¥à¥§ ¯®â¥­æ¨ «. �¥ ¡ã¤¥¬­ §ë¢ âì ª®íää¨æ¨¥­â®¬ ¯à®å®¦¤¥­¨ï,   ¢¥«¨ç¨­ã R = ����B1A1 ����2 | ª®-íää¨æ¨¥­â®¬ ®âà ¦¥­¨ï. �«ï â®£®, çâ®¡ë ¨å ¢ëç¨«¨âì ­¥®¡å®¤¨-¬® áè¨âì à¥è¥­¨ï ­  £à ­¨æ å ®¡« áâ¥©:A1e�ik0b +B1eik0b = A2e�ikb + B2eikbk0(A1e�ik0b � B1eik0b) = k(A2e�ikb � B2eikb)A2eikb + B2e�ikb = A3eik0bk(A2eikb � B2e�ikb) = k0A3eik0b (5.30)�§ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© ¯®«ãç ¥¬A1 = k + k02k0 A2ei(k0�k)b + k0 � k2k0 B2ei(k0+k)b; (5.31)B1 = k0 � k2k0 A2e�i(k+k0)b + k0 + k2k0 B2ei(k�k0)b: (5.32)�§ ¤¢ãå ¯®á«¥¤­¨å A2 = k + k02k A3ei(k0�k)b;B2 = k � k02k A3ei(k0+k)b: (5.33)�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥­¨ï ¢ (5.31) ¢ëà §¨¬ ª®íää¨æ¨¥­â A1 ç¥à¥§A3. � à¥§ã«ìâ â¥ ¤«ï ª®íää¨æ¨¥­â  ¯à®å®¦¤¥­¨ï D ¯®«ãç¨¬D = 241 + 14  k0k � kk0!2 sin2(2bk)35�1 : (5.34)�­ «®£¨ç­® ¢ëç¨á«ï¥âáï ª®íää¨æ¨¥­â ®âà ¦¥­¨ïR = 1�D: (5.35)�§ (5.34) á«¥¤ã¥â, çâ® ¯à¨ à¥§®­ ­á­ëå í­¥à£¨ïåEn = (�hn�)28b2m � U0n2 � 8b2mU0(�h�)2 (5.36)80



U(x)
x

E
a1 a2�¨á. 5.4: �à®å®¦¤¥­¨¥ ª¢ ­â®¢®© ç áâ¨æë ç¥à¥§ ¯®â¥­æ¨ «ì­ë© ¡ àì¥à (âã­­¥«ì-­ë© íää¥ªâ). �¡« áâì a1 < x < a2 § ¯à¥é¥­  ¤«ï ¤¢¨¦¥­¨ï ª« áá¨ç¥áª®© ç áâ¨æë.¢ ï¬¥ ãª« ¤ë¢ ¥âáï æ¥«®¥ ç¨á«® ¢®«­,   ¢®«­®¢¥ ç¨á«® ã¤®¢«¥â¢®-àï¥â á®®â­®è¥­¨î 2kb = n�. � íâ®¬ á«ãç ¥ D = 1, R = 0, â.¥. ¢®«­ ¯®«­®áâìî ¯à®å®¤¨â ç¥à¥§ ¯®â¥­æ¨ «.5.3 �ã­­¥«ì­ë© íää¥ªâ� áá¬®âà¨¬ â¥¯¥àì, çâ® ¯à®¨§®©¤¥â, ¥á«¨ ¯à®¨áå®¤¨â à áá¥ï­¨¥ ­ ¯®«®¦¨â¥«ì­®¬ ¯®â¥­æ¨ «¥U (x) = 8>>><>>>: 0; ¥á«¨ x < �bU0 > 0; ¥á«¨ � b < x < b0; ¥á«¨ x > b (5.37)�«ï íâ®£® ¬®¦­® ¢®á¯®«ì§®¢ âìáï ä®à¬ã« ¬¨ (5.29-5.36) § ¬¥­¨¢ ¢­¨å U0 ! �U0. �«¥¤ã¥â ®â¤¥«ì­® à áá¬®âà¥âì ¤¢  á«ãç ï: ª®£¤ E > U0 ¨ E < U0.� ¯¥à¢®¬ á«ãç ¥ ª®íää¨æ¨¥­â ¯à®å®¦¤¥­¨ï ®¯¨áë¢ ¥âáï ä®à¬ã-«®© (5.34) á ­®¢ë¬ ¢ëà ¦¥­¨¥¬ ¤«ï ¢®«­®¢®£® ç¨á«  k = r2m(E�U0)�h2 .�á®¡ë© ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â ¢â®à®© á«ãç ©. � ª« áá¨ç¥áª®© ¬¥å -­¨ª¥ ç áâ¨æ , ¤¢¨¦ãé ïáï á í­¥à£¨¥© E < U0 ­¥ ¬®¦¥â ¯¥à¥¯àë£­ãâì¯®â¥­æ¨ «ì­ë© ¡ àì¥à ¨ ¡ã¤¥â ¯®«­®áâìî ®âà ¦¥­  ®â ­¥£®. �­®¥¬¥áâ® ¨¬¥¥â ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥. �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ãç ¥81



¢®«­®¢®¥ ç¨á«® k áâ ­¥â ¬­¨¬ë¬ k = i�, £¤¥ � = r2m(U0�E)�h2 ¨ ¢ëà®-¦¥­¨¥ (5.34) ¤«ï ª®íää¨æ¨¥­â  ¯à®å®¦¤¥­¨¥ ¯à¥®¡à §ã¥âáï ªD = 241 + 14  k0� � �k0!2 sh2(2b�)35�1 : (5.38)�¨§¨ç¥áª¨ íâ® ®§­ ç ¥â, çâ® ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ ç áâ¨æ  ¬®¦¥â¯à®­¨ª âì ç¥à¥§ ¯®â¥­æ¨ «ì­ë© ¡ àì¥à ¤ ¦¥ ¢ á«ãç ¥, ¥á«¨ ¥¥ í­¥à-£¨ï ¬¥­ìè¥ ¢ëá®âë í­¥à£¥â¨ç¥áª®£® ¡ àì¥à . �â®â íää¥ªâ ­ §ë¢ îââã­­¥«ì­ë¬ íää¥ªâ®¬.�á«¨ �b� 1, â®D � 16  �k0k20 � �2!2 exp "�4b�h q2m(U0 � E)# : (5.39)�âáî¤  ¢¨¤­®, çâ® ¢¥à®ïâ­®áâì ¯à®­¨ª­®¢¥­¨ï ç áâ¨æë ç¥à¥§ ¡ -àì¥à íªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â á ã¢¥«¨ç¥­¨¥¬ è¨à¨­ë ¡ àì¥à . �­ â ª¦¥ ã¡ë¢ ¥â á ã¢¥«¨ç¥­¨¥¬ ¥£® ¢ëá®âë U0 ¨ ¬ ááë ç áâ¨æë.�®«¥§­® ¥é¥ ¯à¨¢¥áâ¨ ä®à¬ã«ã ¤«ï ª®íää¨æ¨¥­â  ¯à®å®¦¤¥­¨ï¢ á«ãç ¥ ¯®â¥­æ¨ «  ¯à®¨§¢®«ì­®© ä®à¬ë. �à¥­¥¡à¥£ ï ¯à¥¤íªá¯®-­¥­æ¨ «ì­ë¬ ¬­®¦¨â¥«¥¬ ¯®«ãç ¥âáï á«¥¤ãîé¥¥ ¢ëà ¦¥­¨¥D � exp "�2�h Z a2a1 q2m(U (x) � E)dx# ; (5.40)£¤¥ ¨­â¥£à « ¡¥à¥âáï ¯® ª« áá¨ç¥áª¨ ­¥¤®¯ãáâ¨¬®© ®¡« áâ¨ (á¬.�¨á. 5.4).�ã­­¥«ì­ë© íää¥ªâ «¥¦¨â ¢ ®á­®¢¥ ¬­®£¨å ï¢«¥­¨© ¢ ä¨§¨ª¥â¢¥à¤®£® â¥« ,  â®¬­®©, ¬®«¥ªã«ïà­®© ¨ ï¤¥à­®© ä¨§¨ª¨. � ª ¢ â®¬­®© ä¨§¨ª¥ âã­­¥«ì­ë© íää¥ªâ ®â¢¥âáâ¢¥­¥­ §   ¢â®¨®­¨§ æ¨î â®¬  ¢ á¨«ì­®¬ í«¥ªâà¨ç¥áª®¬ ¯®«¥. � ï¤¥à­®© ä¨§¨ª¥ ®­ ®¯à¥¤¥-«ï¥â �-à á¯ ¤ ï¤¥à. � ä¨§¨ª¥ â¢¥à¤®£® â¥«  âã­­¥«ì­ë© íää¥ªâ¯à¨¢®¤¨â ª â ª¨¬ ï¢«¥­¨ï¬, ª ª  ¢â®í«¥ªâà®­­ ï í¬¨áá¨ï, íää¥ªâ�¦®á¥äá®­  ¨ ¤à.5.3.1 �¢â®í«¥ªâà®­­ ï í¬¨áá¨ï� áá¬®âà¨¬ ¢ ª ç¥áâ¢¥ ¯à¨¬¥à  ï¢«¥­¨¥  ¢â®í«¥ªâà®­­®© í¬¨áá¨¨(¥é¥ ­ §ë¢ ¥âáï âã­­¥«ì­ ï ¨«¨ ¯®«¥¢ ï í¬¨áá¨ï), â.¥. ï¢«¥­¨¥ ¨á-82



-6 6?�E U(x) xE = 0x0 -6E U(x)� q0Ex xx0E 6= 0�¨á. 5.5: �à¨ ¢ª«îç¥­¨¨ ¢­¥è­¥£® í«¥ªâà¨ç¥áª®£® ¯®«ï E í«¥ªâà®­ ¯®«ãç ¥â ¢®§-¬®¦­®áâì âã­­¥«¨à®¢ âì ¨§ ¬¥â «« .¯ãáª ­¨ï í«¥ªâà®­®¢ ¢¥é¥áâ¢®¬ ¯®¤ ¤¥©áâ¢¨¥¬ ¢­¥è­¥£® í«¥ªâà¨ç¥-áª®£® ¯®«ï ¢ëá®ª®© ­ ¯àï¦¥­­®áâ¨.� ®âáãâáâ¢¨¨ ¢­¥è­¥£® í«¥ªâà¨ç¥áª®£® ¯®«ï í«¥ªâà®­ã ¤«ï ¢ë-å®¤  ¨§ ¬¥â ««  ­¥®¡å®¤¨¬® á®®¡é¨âì ¤®¯®«­¨â¥«ì­ãî í­¥à£¨î �(à ¡®âã ¢ëå®¤ ). �®íâ®¬ã ¬®¦­® ¯à¥¤áâ ¢¨âì í«¥ªâà®­, ª ª ª¢ ­-â®¢ãî ç áâ¨æã á í­¥à£¨¥© E, ­ å®¤ïéãîáï ¢ ¯®â¥­æ¨ «ì­®¬ ïé¨ª¥£à ­¨æ  ª®â®à®£® x0 á®¢¯ ¤ ¥â á £à ­¨æ¥© ¬¥â ««  (�¨á. 5.5, «¥¢ë©).�à¨ ¢ª«îç¥­¨¨ ¢­¥è­¥£® í«¥ªâà¨ç¥áª®£® ¯®«ï E á ¯à ¢®© áâ®à®­ë®â ¯®â¥­æ¨ «ì­®© ï¬ë á®§¤ ¥âáï ¤®¯®«­¨â¥«ì­ë© ¯®â¥­æ¨ « �q0Ex(�¨á. 5.5, ¯à ¢ë©) ¨ í«¥ªâà®­ ¯®«ãç ¥â ¢®§¬®¦­®áâì ¯®ª¨­ãâì ¬¥-â «« ¯®áà¥¤áâ¢®¬ âã­­¥«ì­®£® ¯¥à¥å®¤  ¡¥§ á®®¡é¥­¨ï ¥¬ã ¤®¯®«-­¨â¥«ì­®© í­¥à£¨¨.5.4 � à¬®­¨ç¥áª¨© ®áæ¨«ïâ®à� ª« áá¨ç¥áª®© ¬¥å ­¨ª¥ ãáâ®©ç¨¢®¬ã à ¢­®¢¥á¨î á®®â¢¥âáâ¢ã¥â â -ª®¥ ¯®«®¦¥­¨¥ á¨áâ¥¬ë �0, ¢ ª®â®à®¬ ¯®â¥­æ¨ «ì­ ï í­¥à£¨ï ¬¨­¨-¬ «ì­  U (�0). �ã¤ãç¨ ®âª«®­¥­­®© ®â ¯®«®¦¥­¨ï �0 á¨áâ¥¬  ­ ç¨-­ ¥â á®¢¥àè âì ª®«¥¡ ­¨ï, ¯à¨ç¥¬ ¢ ®¡é¥¬ á«ãç ¥ íâ¨ ª®«¥¡ ­¨ï ­¥®¡ï§ â¥«ì­® ¡ã¤ãâ £ à¬®­¨ç­ë¬¨. �¤­ ª® ®­¨ áâ ­®¢ïâáï â ª®¢ë-83



¬¨, ¥á«¨ ®£à ­¨ç¨âìáï ¬ «ë¬¨ ®âª«®­¥­¨ï¬¨ x = � � �0. �¥©áâ¢¨-â¥«ì­®, ¢ íâ®¬ á«ãç ¥ ¯®â¥­æ¨ « ¬®¦­® à §«®¦¨âì ¢ àï¤U (�) = U (�0) + 12�x2 +O(x3); (5.41)£¤¥ � = d2Ud�2 �����=�0. �ã¤¥¬ ¢ ¤ «ì­¥©è¥¬ ®âáç¨âë¢ âì í­¥à£¨î ®â ãà®¢-­ï U (�0), â.¥. ¯®«®¦¨¬ U (�0) = 0 (�¨á. 5.6). � £à ­¦¨ ­ á¨áâ¥¬ë¯à¨¬¥â ¢¨¤ L = M _x22 � 12�x2 (5.42)¨ ª« áá¨ç¥áª®¥ ãà ¢­¥­¨¥ ¤¢¨¦¥­¨ï�x = �!2x; !2 = �M (5.43)¨¬¥¥â à¥è¥­¨¥ x = a cos(!t+ �); (5.44)£¤¥  ¬¯«¨âã¤  a ¨ ä §®¢ë© á¤¢¨£ � ®¯à¥¤¥«ïîâáï ¨§ ­ ç «ì­ëå ãá«®-¢¨©. �âáî¤  «¥£ª® ­ å®¤ïâáï ª« áá¨ç¥áª¨¥ í­¥à£¨ï ¨ áà¥¤­¥ª¢ ¤à -â¨ç­®¥ ®âª«®­¥­¨¥ ®â ¯®«®¦¥­¨ï à ¢­®¢¥á¨ïEª« áá: = 12Ma2!2; Dx2Eª« áá: = 12a2: (5.45)�§ (5.45), ¢ ç áâ­®áâ¨, á«¥¤ã¥â á®®â­®è¥­¨¥ ¬¥¦¤ã í­¥à£¨¥© ¨ áà¥¤-­¥ª¢ ¤à â¨ç­ë¬ ®âª«®­¥­¨¥¬ ¤«ï ª« áá¨ç¥áª®£® ®áæ¨««ïâ®à Eª« áá: =M!2 Dx2Eª« áá: : (5.46)� à¥§ã«ìâ â¥ ¥á«¨ ª« áá¨ç¥áª®¥ áà¥¤­¥ª¢ ¤à â¨ç­®¥ ®âª«®­¥­¨¥ ®ââ®çª¨ à ¢­®¢¥á¨ï à ¢­® ­ã«î Dx2Eª« áá: = 0, â® á®®â¢¥âáâ¢ãîé ïí­¥à£¨ï â®¦¥ à ¢­  ­ã«î Eª« áá: = 0.�¤­ ª® ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ íâ® ­¥ â ª: ¥á«¨ ãáâà ­¨¬ ª®«¥¡ -­¨ï, â® ¢ á¨«ã ¯à¨­æ¨¯  ­¥®¯à¥¤¥«¥­­®áâ¥© ¨¬¯ã«ìá ¤®«¦¥­ ¡ëâì¡¥áª®­¥ç­® ¡®«ìè¨¬. �â¢¥ç îé ï ¥¬ã í­¥à£¨ï â®¦¥ ®ª ¦¥âáï ¡¥á-ª®­¥ç­®©. �®íâ®¬ã ¤ ¦¥ ¤«ï ­¨¦ ©è¥£® í­¥à£¥â¨ç¥áª®£® ãà®¢­ïáà¥¤­¥ª¢ ¤à â¨ç­®¥ ®âª«®­¥­¨¥ ¤®«¦­® ¡ëâì ­¥­ã«¥¢ë¬. �â® ¬®¦-­® ¯à¥¤áâ ¢¨âì ª ª à áª çªã ç áâ¨æë ¢ ªãã¬®¬. � ª¨¥ ª®«¥¡ ­¨ï84



U(�)

��0�¨á. 5.6: � ®ªà¥á­®áâ¨ ¬¨­¨¬ã¬  � � �0 ¯®â¥­æ¨ « U(�) ¬®¦¥â ¡ëâì § ¬¥­¥­ ­ �2 (�� �0)2 (¨§®¡à ¦¥­ â®­ª®© ªà¨¢®©).­ §ë¢ îâ ­ã«¥¢ë¬¨,   á®®â¢¥âáâ¢ãîé ï ¨¬ í­¥à£¨ï ­ã«¥¢®© í­¥à£¨-¥© E0. �®ª ¦¥¬ íâ® à¥è¨¢ á®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨¥ �à¥¤¨­£¥à :0@ p̂22M + 12�x21A	(x) = E	(x): (5.47)�¢®¤ï ¡¥§à §¬¥à­ë¥ \¨¬¯ã«ìá", \ª®®à¤¨­ âã" ¨ \í­¥à£¨î"Q̂ = p̂p�h!M ; � = vuut!M�h x; " = 2E�h! (5.48)¯®«ãç¨¬ (Q̂2 + �2)'(�) = "'(�): (5.49)� ©¤¥¬ ª®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥ ¤«ï ­®¢ëå ª ­®­¨ç¥áª¨å ¯¥-à¥¬¥­­ëå [Q̂; �] = 264 p̂p�h!M ;vuut!M�h x375 = 1�h[p̂; x] = �i: (5.50)�§ ª®¬¬ãâ æ¨®­­®£® á®®â­®è¥­¨ï (5.50) á«¥¤ã¥â, çâ®Q̂ = 1i dd� (5.51)85



¨ ãà ¢­¥­¨¥ �à¥¤¨­£¥à  ¯à¨¬¥â ¢¨¤0@� d2d�2 + �21A'(�) = "'(�): (5.52)�à¨ � ! �1 íâ® ãà ¢­¥­¨¥ á¢®¤¨âáï ª0@� d2d�2 + �21A'(�) = 0; ¯à¨ � ! �1 (5.53)¨ ¨¬¥¥â ¤¢  à¥è¥­¨ï '(�) = A�e�12�2: (5.54)�¢¨¤ã â®£®, çâ® ¢®«­®¢ ï äã­ªæ¨ï ¤®«¦­  ã¡ë¢ âì ­  ¡¥áª®­¥ç­®-áâ¨, á«¥¤ã¥â ¯®«®¦¨âì A+ = 0. �ã¤¥¬ ¨áª âì à¥è¥­¨¥ ãà ¢­¥­¨ï�à¥¤¨­£¥à  (5.52) ¢ ¢¨¤¥'(�) = Xj=0 aj�je�12�2: (5.55)� ¤ ç  á®áâ®¨â ¢� ¢ëïá­¥­¨¨ ãá«®¢¨©, ª®£¤  à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤¨­£¥à ,¯à¥¤áâ ¢«¥­­ë¥ ¢ ¢¨¤¥ àï¤  (5.55), ¯à¨¢®¤ïâ ª äã­ªæ¨ï¬, ã¡ë-¢ îé¨å ­  ¡¥áª®­¥ç­®áâ¨ � ! �1 ¨� ­ å®¦¤¥­¨¨ ª®íää¨æ¨¥­â®¢ aj.�¥à¢®¥ ¢ë¯®«­ï¥âáï, ¥á«¨ àï¤ (5.55) ®¡àë¢ ¥âáï ¯à¨ j = n, £¤¥ n =0; 1; 2; : : : � ©¤¥¬ ãá«®¢¨¥, ¯à¨ ª®â®à®¬ ª®íää¨æ¨¥­â an+1 = 0. �íâ®© æ¥«ìî ¯à¥¤áâ ¢¨¬ ¯à®¨§¢®¤­ãî '0(�) ¢ ¢¨¤¥'0(�) = 24n�2Xj=0 bj�j + (nan � an�2)�n�1 � an�1�n � an�n+135 e�12�2; (5.56)£¤¥ ¬ë ­¥ ãâ®ç­ï¥¬ ï¢­ë© ¢¨¤ ª®íä¨æ¨¥­â®¢ bj. �®®â¢¥âáâ¢¥­­®¢â®à ï ¯à®¨§¢®¤­ ï à ¢­ :'00(�) = 8<:n�1Xj=0 cj�j � [(2n+ 1)an � an�2]�n++ an�1�n+1 + an�n+2o e�12�2; (5.57)86



£¤¥ ­ ¬ ­¥ ¢ ¦¥­ ï¢­ë© ¢¨¤ ª®íää¨æ¨¥­â®¢ cj. �®¤áâ ¢«ïï (5.57) ¢ãà ¢­¥­¨¥ �à¥¤¨­£¥à  ¯®«ãç¨¬:� n�1Xj=0 cj�j + (2n+ 1)an�n + n�3Xj=0 aj�j+2 = " n�1Xj=0 aj�j + "an�n: (5.58)�à¨à ¢­¨¢ ï ª®®à¤¨­ âë ¯à¨ áâ àè¨å áâ¥¯¥­ïå ¯®«ãç¨¬ ª¢ ­â®¢ -­¨¥ ¡¥§à¥§¬¥à­®© \í­¥à£¨¨" " = 2n+ 1; (5.59)çâ® á®®â¢¥âáâ¢ã¥â í­¥à£¨¨ ¯à¥¤áâ ¢«¥­­®© ¢ ®¡ëç­ëå ¥¤¨­¨æ åEn =  n+ 12!�h!; (5.60)¯à¨ç¥¬ n = 0; 1; 2; : : : � ª¨¬ ®¡à §®¬ ®á­®¢­®¬ã á®áâ®ï­¨î á®®â¢¥â-áâ¢ã¥â §­ ç¥­¨¥ ª¢ ­â®¢®£® ç¨á«  n = 0. �à¨ íâ®¬ ­ã«¥¢ ï í­¥à£¨ïE0 = 12�h! 6= 0. �®£« á­® (5.55) ¢®«­®¢ ï äã­ªæ¨ï ®á­®¢­®£® á®áâ®ï-­¨ï £ à¬®­¨ç¥áª®£® ®áæ¨««ïâ®à  à ¢­ '0(�) =  1�!14 e�12�2; (5.61)£¤¥ ª®íää¨æ¨¥­â ¯¥à¥¤ íªá¯®­¥­â®© ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï ­®à-¬¨à®¢ª¨ Z 1�1 d�'20(�) = 1: (5.62)�®¦­® ¯®ª § âì, çâ® ¤«ï ¯à®¨§¢®«ì­®£® n ¢®«­®¢ë¥ äã­ªæ¨¨ ¢ë-à ¦ îâáï ç¥à¥§ ¯®«¨­®¬ë �à¬¨â 'n(�) = AnHn(�)e�12�2; £¤¥ An = �p�2nn!��12 (5.63)Hn(�) = (�1)ne�2 dnd�ne��2: (5.64)�¯à¥¤¥«¥­­ë¥ â ª ¢®«­®¢ë¥ äã­ªæ¨¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î ®àâ®-­®à¬¨à®¢ ­­®áâ¨ Z 1�1 d�'n0(�)'n(�) = �nn0: (5.65)87



�á¯®«ì§ãï á¢®©áâ¢  ¯®«¨­®¬®¢ �à¬¨â  ¬®¦­® ¯®ª § âì (á¬. � ¤ -çã 5.1), çâ® Dx2En � Z 1�1 dxx2j	n(x)j2 =  n+ 12! �hM! (5.66)¨, á«¥¤®¢ â¥«ì­®, ¢ ª¢ ­â®¢®¬ á«ãç ¥ ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥En =M!2 Dx2En : (5.67)� ¦­ë¬ ®â«¨ç¨¥¬ íâ®£® à¥§ã«ìâ â  ®â ¥£® ª« áá¨ç¥áª®£®  ­ «®£ (5.46) ï¢«ï¥âáï â®, çâ® â¥¯¥àì (á®£« á­® (5.66)) áà¥¤­¥¥-ª¢ ¤à â¨ç­®¥®âª«®­¥­¨¥ ®â ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï ­¥ ¬®¦¥â à ¢­ïâìáï ­ã«î.5.4.1 � à¬®­¨ç¥áª¨© ®áæ¨««ïâ®à ¢ ¯à¥¤áâ ¢«¥­¨¨ ç¨á¥« § -¯®«­¥­¨ï� áá¬®âà¨¬ ¤àã£®© á¯®á®¡ à¥è¥­¨ï ãà ¢­¥­¨ï �à¥¤¨­£¥à  (5.49),¯à¨ ª®â®à®¬ ­¥ ¨á¯®«ì§ã¥âáï ï¢­ë© ¢¨¤ ®¯¥à â®à®¢ ¨¬¯ã«ìá  Q̂ ¨ª®®à¤¨­ âë �̂,   â®«ìª® ¨å ª®¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥ (5.50).�¢¥¤¥¬ ­®¢ë¥ ®¯¥à â®àëâ = vuut12(iQ̂ + �̂); ây = vuut12(�iQ̂ + �̂): (5.68)�§ (5.50) ­ å®¤¨¬ ª®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥ ¬¥¦¤ã ®¯¥à â®à ¬¨â ¨ ây [â; ây] = 1: (5.69)�¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ �à¥¤¨­£¥à  ç¥à¥§ ­®¢ë¥ ®¯¥à â®àë(2âyâ+ 1)' = "': (5.70)�ãáâì jni � 'n | á®¡áâ¢¥­­ ï äã­ªæ¨ï ®¯¥à â®à  � ¬¨«ìâ®­  § ¯¨-á ­­®£® ¢ ­®¢ëå ¯¥à¥¬¥­­ëå, ª®â®àë¥ á®®â¢¥âáâ¢ãîâ \í­¥à£¨¨" "n.�à¬¨â®¢® á®¯àï¦¥­­®¥ á®áâ®ï­¨¥ ¡ã¤¥¬ ¢ ¤ «ì­¥©è¥¬ ®¡®§­ ç âìhnj. �®ª ¦¥¬, çâ® ¢®«­®¢ ï äã­ªæ¨ï ajni â®¦¥ ¡ã¤¥â á®¡áâ¢¥­­®©äã­ªæ¨¥© £ ¬¨«ìâ®­¨ ­ , ­® á á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ " � 2. �á-¯®«ì§ãï ª®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥ (5.68) ¯®«ãç¨¬(2âyâ+ 1)ajni = a(2âyâ� 1)jni = ("n � 2)ajni: (5.71)88



�®£¤  ¢®«­®¢ ï äã­ªæ¨ï a2jni á®®â¢¥âá¢ã¥â \í­¥à£¨¨" "n � 4 ¨ â.¤.�¤­ ª® í­¥à£¨ï ­¥ ¬®¦¥â ¡ëâì ®âà¨æ â¥«ì­ . �âáî¤  § ª«îç ¥¬,çâ® ­  ª ª®¬-â® íâ ¯¥ ¢®«­®¢ ï äã­ªæ¨ï ¯à¥¢à â¨âáï ¢ ­®«ì ¨ ¯à®æ¥-¤ãà  ®¡®à¢¥âáï. �ç¥¢¨¤­®, çâ® ¯®á«¥¤­ïï ­¥­ã«¥¢ ï ¢®«­®¢ ï äã­ª-æ¨ï á®®â¢¥âáâ¢ã¥â ¬¨­¨¬ «ì­®© í­¥à£¨¨ £ à¬®­¨ç¥áª®£® ®áæ¨««ïâ®-à . �¡®§­ ç¨¬ ¥£® j0i: aj0i = 0: (5.72)�à¨ íâ®¬ á®¯àï¦¥­­®¥ ¥¬ã á®áâ®ï­¨¥ ®¯à¥¤¥«ï¥âáï ª ª â ª®¢®¥, ¤«ïª®â®à®£® ¢ë¯®«­ï¥âáïh0jây = 0; ¯à¨ç¥¬ h0j0i = 1: (5.73)�á¯®«ì§ãï ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï ¤«ï ®¯¥à â®à®¢ â ¨ ây ¬®¦-­® ã¡¥¤¨âáï (á¬. � ¤ çã 5.2), çâ® ®àâ®­®à¬¨à®¢ ­­ë¥ äã­ªæ¨¨ à ¢-­ë jni = 1pn!(ây)nj0i; hn0jni = �nn0 (5.74)¨ ï¢«ïîâáï á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ ®¯¥à â®à  âyâ á á®¡áâ¢¥­­ë¬¨§­ ç¥­¨ï¬¨ n: âyâjni = njni: (5.75)�à¬¨â®¢®-á®¯àï¦¥­­ ï äã­ªæ¨ï ª jni ¥áâìhnj = 1pn!h0jân: (5.76)�¥¯¥àì ¡¥§à §¬¥à­ ï \í­¥à£¨ï" «¥£ª® ¢ëç¨á«ï¥âáï ¨ ¤ ¥â à¥§ã«ìâ â(5.59). �  ®á­®¢ ­¨¨ á¢®©áâ¢  (5.75) ®¯¥à â®à âyâ ¯à¨­ïâ® ­ §ë¢ âì®¯¥à â®à®¬ ç¨á«  ç áâ¨æ. �¥©áâ¢¨â¥«ì­® á®£« á­® (5.60) n-¬ã ¢®§-¡ã¦¤¥­¨î ®áæ¨««ïâ®à  ä®à¬ «ì­® á®®â¢¥âáâ¢ã¥â í­¥à£¨ï n ª¢ ­â®¢á ç áâ®â®© ! ¯«îá í­¥à£¨ï ­ã«¥¢®£® ¢®§¡ã¦¤¥­¨ï (\¢ ªãã¬ ", n = 0)En = 12�h!. �®®â¢¥âáâ¢¥­­® á®áâ®ï­¨¥ á n = 0 ­ §ë¢ ¥âáï ¢ ªãã¬­ë¬á®áâ®ï­¨¥¬,   ¢®«­®¢ ï äã­ªæ¨ï j0i| ¢®«­®¢®© äã­ªæ¨¥© ¢ ªãã¬ .�¯¥à â®à ây ­ §ë¢ ¥âáï ®¯¥à â®à®¬ à®¦¤¥­¨ï,   ®¯¥à â®à â |®¯¥à â®à®¬ ã­¨çâ®¦¥­¨ï, â.ª. ¯¥à¢ë©, ¤¥©áâ¢ãï ­  ¢®«­®¢ãîäã­ªæ¨î á®áâ®ï­¨ï á n ª¢ ­â ¬¨, ¯à¥®¡à §ã¥â ¥¥ ¢ ¢®«­®¢ãî äã­ª-æ¨î á®áâ®ï­¨ï á n + 1 ª¢ ­â ¬¨. � á¢®î ®ç¥à¥¤ì ¢â®à®© ®¯¥à â®à¯à¥®¡à §ã¥â n-ª¢ ­â®¢®¥ á®áâ®ï­¨¥ ¢ (n� 1)-ª¢ ­â®¢®¥ á®áâ®ï­¨¥.89



�®¤ç¥àª­¥¬, çâ® ¬ë à¥è¨«¨ ãà ¢­¥­¨¥ �à¥¤¨­£¥à  ®á­®¢ë¢ ïáìâ®«ìª® ­  ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨ïå ¬¥¦¤ã ®¯¥à â®à ¬¨ ¨¬-¯ã«ìá  ¨ ª®®à¤¨­ âë ­¥ ¨á¯®«ì§ãï ï¢­ë© ¨å ¢¨¤. �â® ®§­ ç ¥â, çâ®¬®¦­® ¨á¯®«ì§®¢ âì à §­ë¥ ¯à¥¤áâ ¢«¥­¨ï ¤«ï íâ¨å ®¯¥à â®à®¢. � -­¥¥ à áá¬ âà¨¢ «áï á«ãç ©, ª®£¤  x̂ ¡ë« ®¯¥à â®à®¬ ã¬­®¦¥­¨ï ­  x,  p̂ ¡ë« ®¯¥à â®à®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï. �âã à¥ «¨§ æ¨î ­ §ë¢ îâª®®à¤¨­ â­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬. �®¦­® ¨á¯®«ì§®¢ âì ¨ ¨¬¯ã«ìá­®¥¯à¥¤áâ ¢«¥­¨¥, ¢ ª®â®à®¬ ®¯¥à â®à ¨¬¯ã«ìá  ï¢«ï¥âáï ®¯¥à â®à®¬ã¬­®¦¥­¨ï ­  p,   ®¯¥à®â®à ª®®à¤¨­ âë | ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥-à â®à: p̂ = p; x̂ = i�h @@p: (5.77)� ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨ ¢®«­®¢ ï äã­ªæ¨ï ¡ã¤¥â äã­ªæ¨¥© ¨¬-¯ã«ìá  p.�áâì ¥é¥ ®¤­® ¢ ¦­®¥ ¯à¥¤áâ ¢«¥­¨¥, ª®â®à®¥ ­ §ë¢ îâ ¯à¥¤áâ -¢«¥­¨¥¬ ç¨á¥« § ¯®«­¥­¨ï. � íâ®¬ ¯à¥¤áâ ¢«¥­¨¨ ®¯¥à â®à ç¨á« ç áâ¨æ ¯à¥¤áâ ¢«ï¥â ¡¥áª®­¥ç­ãî ¤¨ £®­ «ì­ãî ¬ âà¨æãN̂ � âây = 0BBBBBBBBB@ 1 0 0 0 : : :0 2 0 0 : : :0 0 3 0 : : :0 0 0 4 : : :... ... ... ... ... 1CCCCCCCCCA ; (5.78)  ®¯¥à â®àë à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï á«¥¤ãîé¨¥ ¡¥áª®­¥ç­®¬¥à­ë¥¬ âà¨æë â = 0BBBBBBBBB@ 0 p1 0 0 : : :0 0 p2 0 : : :0 0 0 p3 : : :0 0 0 0 : : :... ... ... ... ... 1CCCCCCCCCA ; (5.79)
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ây = 0BBBBBBBBB@ 0 0 0 0 : : :p1 0 0 0 : : :0 p2 0 0 : : :0 0 p3 0 : : :... ... ... ... ... 1CCCCCCCCCA : (5.80)�àï¬ë¬ ¢ëç¨á«¥­¨¥¬ ¬®¦­® ã¡¥¤¨âìáï, çâ® ¤«ï ®¯¥à â®à®¢ à®¦¤¥-­¨ï ¨ ã­¨çâ®¦¥­¨ï ¢ë¯®«­ï¥âáï ­¥®¡å®¤¨¬®¥ ¯¥à¥áâ ­®¢®ç­®¥ á®®â-­®è¥­¨¥. �¥ªâ®à á®áâ®ï­¨ï jni ¢ ¯à¥¤áâ ¢«¥­¨¨ ç¨á¥« § ¯®«­¥­¨ïï¢«ï¥â á®¡®© ¡¥áª®­¥ç­ãî ¬ âà¨æã-áâ®«¡¥æ, £¤¥ ¢áî¤ã ªà®¬¥ n+1-©áâà®ª¨ áâ®ïâ ­ã«¨,   ­  n+ 1-© áâà®ª¥ | 1. � ¯à¨¬¥à,j2i = 0BBBBBBBBB@ 0010... 1CCCCCCCCCA (5.81)¯à¥¤áâ ¢«ï¥â ¤¢ãåª¢ ­â®¢ë© ¢¥ªâ®à á®áâ®ï­¨ï.5.5 � ¤ ç¨� ¤ ç  5.1.�®ª § âì, çâ® áà¥¤­¥¥ §­ ç¥­¨¥ Dx2En ¯® ¢®«­®¢ë¬ äã­ªæ¨ï¬ £ à-¬®­¨ç¥áª®£® ®áæ¨««ïâ®à  à ¢­® �hM! �n+ 12�.�¥è¥­¨¥�­ ç «  ®â¬¥â¨¬, çâ® ¨§ ®¯à¥¤¥«¥­¨ï ¯®«¨­®¬®¢ �à¬¨â  áà §ã¢ëâ¥ª ¥â �Hn(�) = 12Hn+1(�) + nHn�1(�): (5.82)�®£¤  �2'2n(�) = 14 h(n + 1)'2n+1(�) + n'2n�1(') + : : :i ; (5.83)91



£¤¥ ¬­®£®â®ç¨¥ ®§­ ç ¥â ç«¥­ ¯à®¯®àæ¨®­ «ì­ë© ¯à®¨§¢¥¤¥­¨î'n+1(�)'n�1(�). �®á«¥¤­¨© ¢ á¨«ã ®àâ®£®­ «ì­®áâ¨ ¢®«­®¢ëå äã­ª-æ¨© ¯à®¯ ¤ ¥â ¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® d�. �­â¥£à¨àãï ¯à ¢ãî ¨«¥¢ãî ç áâ¨ ¯® d� ¯®«ãç¨¬h�2i = n+ 12: (5.84)� «¥¥ ¨á¯®«ì§ãï á¢ï§ì ¡¥§à §¬¥à­®© ¯¥à¥¬¥­­®© � á ®âª«®­¥­¨¥¬ ®â¯®«®¦¥­¨ï à ¢­®¢¥á¨ï x ¯®«ãç ¥¬ âà¥¡ã¥¬ë© à¥§ã«ìâ â.�®ª ¦¥¬ â ª¦¥ ª ª ¬®¦­® ¯®«ãç¨âì íâ®â à¥§ã«ìâ â ¢ ä®à-¬ «¨§¬¥ ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï. �® ®¯à¥¤¥«¥­¨î�̂ = vuut12[â+ ây]; (5.85)  §­ ç¨â (�̂)2 = 12[â2 + (ây)2 + âây + âyâ] == 12[â2 + (ây)2 + 2âyâ+ 1]: (5.86)� «¥¥ ãáà¥¤­ïï ¯à ¢ãî ¨ «¥¢ãî ç áâ¨ (5.86) á ¨á¯®«ì§®¢ ­¨¥¬ â®£®ä ªâ , çâ® hnjâ2jni � hn+ 2jni = 0hnj(ây)2jni � hnjn+ 2i = 0: (5.87)¨ § ¬¥­ïï ¢ (5.86) ®¯¥à â®à ç¨á«  ç áâ¨æ âyâ ­  ¥£® á®¡áâ¢¥­­®¥§­ ç¥­¨¥ n ¯®«ãç ¥¬ à¥§ã«ìâ â (5.84).� ¤ ç  5.2.�®ª § âì, çâ® äã­ªæ¨¨ jni = 1pn!(ây)nj0i ï¢«ïîâáï á®¡áâ¢¥­­ë¬¨äã­ªæ¨ï¬¨ ®¯¥à â®à  âyâ á á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ n. �®ª -§ âì, çâ® íâ¨ äã­ªæ¨¨ ®àâ®­®à¬¨à®¢ ­ë.�¥è¥­¨¥92



�®á¯®«ì§ã¥¬áï ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨¥¬ (5.69)âyâ(ây)nj0i = (ây)2â(ây)(n�1)j0i+ (ây)nj0i == (ây)3â(ây)(n�2)j0i+ 2(ây)nj0i = : : : =+ (ây)(n+1)âj0i+ n(ây)nj0i: (5.88)�á¯®«ì§ãï ®¯à¥¤¥«¥­¨¥ (5.73) ¢ ªãã¬  j0i ¯®«ãç ¥¬ ®ª®­ç â¥«ì­®âyjni = njni: (5.89)�¥¯¥àì ­ ¤® ¯®ª § âì, çâ® á®áâ®ï­¨ï jni ®àâ®­®à¬¨à®¢ ­ë. � á-á¬®âà¨¬ ¢¥«¨ç¨­ã h0jâm(ây)ni ¨ ¡ã¤¥¬ á­ ç «  áç¨â âì, çâ® m �n. �à®¨§¢®¤ï ¯®á«¥¤®¢ â¥«ì­ãî ¯¥à¥áâ ­®¢ªã ¯®á«¥¤­¥£® ®¯¥à â®à à®¦¤¥­¨ï á ®¯¥à â®à ¬¨ ã­¨çâ®¦¥­¨ï ­ ©¤¥¬, çâ®h0jâm(ây)nj0i == h0jâ(m�1)âyâ(ây)(n�1)j0i+ h0jâ(m�1)(ây)(n�1)j0i == h0jâ(m�1)(ây)2â2(ây)(n�2)j0i++2h0jâ(m�1)(ây)(n�1)j0i = : : : == h0jâ(m�1)(ây)(n�m)âj0i+ nh0jâ(m�1)(ây)(n�1)j0i= nh0jâ(m�1)(ây)(n�1)j0i (5.90)�®¢â®àïï íâã ¯à®æ¥¤ãàã ¬ë ã¬¥­ìè¨¬ ç¨á«® ®¯¥à â®à®¢ à®¦¤¥­¨ï¨ ã­¨çâ®¦¥­¨ï ¥é¥ ­  ¥¤¨­¨æã ¨ ¯®«ãç¨¬ ¤®¯®«­¨â¥«ì­ë© ¬­®¦¨-â¥«ì n� 1 ¨ â.¤. � à¥§ã«ìâ â¥h0jâm(ây)nj0i = n!h0jâ(m�n)j0i == 8<: n! ¥á«¨ m = n0 ¥á«¨ m > n (5.91)� á«ãç ¥, ª®£¤  n � m ¡ã¤¥¬ ¯®áâã¯ âì â®ç­® â ª¦¥, ­® â®«ìª®¯¥à¥¬¥é ï ®¯¥à â®à à®¦¤¥­¨ï ­ «¥¢®. � ª¨¬ ®¡à §®¬h0jâm(ây)nj0i = n!h0j(ây)(n�m)j0i == 8<: n! ¥á«¨ m = n0 ¥á«¨ m < n (5.92)� ãç¥â®¬ (5.91) ¨ (5.92) ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® ­ è¨ á®áâ®ï­¨ï®àâ®­®à¬¨à®¢ ­ë. 93



�« ¢  6�®¬¥­â ¨¬¯ã«ìá  ¢ ª¢ ­â®¢®©â¥®à¨¨6.1 �®¬¥­â ¨¬¯ã«ìá  ¢ ª« áá¨ç¥áª®© ¬¥å ­¨ª¥�§ ª« áá¨ç¥áª®© ¬¥å ­¨ª¨ ¨§¢¥áâ­®, çâ® ¬®¬¥­â ¨¬¯ã«ìá ~L = ~r � ~p; (6.1)(£¤¥ ~r | à ¤¨ãá-¢¥ªâ®à ®¯à¥¤¥«ïîé¨© ¯®«®¦¥­¨¥ ç áâ¨æë ¨ ~p | ¥¥¨¬¯ã«ìá) ï¢«ï¥âáï â ª®© ¦¥ à ¢­®¯à ¢­®© ¯¥à¥¬¥­­®©, ª ª ª®®à¤¨-­ â  ¨ ¨¬¯ã«ìá.�«ï ¨§®«¨à®¢ ­®© á¨áâ¥¬ë á®åà ­¥­¨¥ ¬®¬¥­â  ¨¬¯ã«ìá  ï¢«ï-¥âáï ®¤­¨¬ ¨§ ¢ ¦­¥©è¨å § ª®­®¢ ¯à¨à®¤ë. �à®¬¥ â®£® ¬®¬¥­â¨¬¯ã«ìá  á®åà ­ï¥âáï ¨ ¯à¨ ¤¢¨¦¥­¨¨¨ ç áâ¨æë ¢ áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­®¬ ¯®«¥, â.¥. ¢ ¯®«¥ § ¢¨áïé¥¬ â®«ìª® ®â à ááâ®ï­¨ïr ¬¥¦¤ã ­¥ª®â®à®© â®çª¨ ~x0 ¯à®áâà ­áâ¢  ¨ ¬¥áâ®¬ ¯®«®¦¥­¨ï ç -áâ¨æë ~x: U (j~x0 � ~xj) = U (r). � íâ®¬ á«ãç ¥ ã¤®¡­® ¯¥à¥©â¨ ª áä¥-à¨ç¥áª¨¬ ª®®à¤¨­ â ¬. � ­¨å ¢ëà ¦¥­¨ï ¤«ï ª®¬¯®­¥­â ¬®¬¥­â ¨¬¯ã«ìá  áãâì L1 = �Mr2( _�sin' + _'sin� cos � cos');L2 = Mr2( _� cos' � _'sin� cos �sin');L3 = Mr2 _'sin2�; (6.2)  ¥£® ª¢ ¤à â § ¯¨áë¢ ¥âáï ª ª~L2 =M 2r4( _�2 + _'2sin2�): (6.3)94



� á¢®î ®ç¥à¥¤ì ¢ áä¥à¨ç¥áª¨å ª®®à¤¨­ â å í­¥à£¨ï ç áâ¨æë à ¢­ E = M _~x22 + U (r) = p2r2M + ~L22Mr2 + U (r); (6.4)£¤¥ pr =M _r | à ¤¨ «ì­ë© ¨¬¯ã«ìá.�«ï ¤ «ì­¥©è¥£® â ª¦¥ ¯®­ ¤®¡ïâáï áª®¡ª¨ �ã áá®­  ¤«ï ª®¬-¯®­¥­â ¢¥ªâ®à  ¬®¬¥­â  ¨¬¯ã«ìá fL1; L2g = �L3; fL2; L3g = �L1; fL3; L1g = �L2; (6.5)¨«¨ ¢ ®¡é¥¬ ¢¨¤¥ fLi; Ljg = �"ijkLk: (6.6)� «¥¥ ¯®¯ëâ ¥¬áï ¯à¨¤ âì ª¢ ­â®¢ë© å à ªâ¥à ä®à¬ã« ¬ (6.1)-(6.6) ¨ ®¡áã¤¨¬ ª ª ª¨¬ ä¨§¨ç¥áª¨¬ á«¥¤áâ¢¨ï¬ íâ® ¯à¨¢¥¤¥â.6.1.1 �¯¥à â®à ¬®¬¥­â  ¨¬¯ã«ìá . �®¬¬ãâ æ¨®­­ë¥ á®®â-­®è¥­¨ï ¬¥¦¤ã ¥£® ª®¬¯®­¥­â ¬¨C­ ç «  § ©¬¥¬áï ®¡®¡é¥­¨¥ ¢ëà ¦¥­¨ï (6.1) ­  ª¢ ­â®¢ë© á«ãç ©.�®£« á­® ®¡é¨¬ ¯à ¢¨« ¬ § ¯¨è¥¬ ®¯¥à â®à ¬®¬¥­â  ¨¬¯ã«ìá  ~̂L¯®¤áâ ¢¨¢ ¢ ¢ëà ¦¥­¨¥ (6.1) ¢¬¥áâ® ª®®à¤¨­ âë ¨ ¨¬¯ã«ìá  ¨å ®¯¥-à â®àë ~̂L = ~̂r � ~̂p = �hi ~r � @@~r: (6.7)� á¯¨è¥¬ íâ® ¢ëà ¦¥­¨¥ ¯® ª®¬¯®­¥­â ¬:L̂1 = x2p̂3 � x3p̂2;L̂2 = x3p̂1 � x1p̂3;L̂3 = x1p̂2 � x2p̂1 (6.8)¨«¨ L̂i = �ijkxj p̂k: (6.9)� «¥¥ ¢ëç¨á«¨¬ ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï ¬¥¦¤ã ¤¢ã¬ï ¯à®¥ª-æ¨ï¬¨ ¬®¬¥­â  ¨¬¯ã«ìá , ­ ¯à¨¬¥à:[L̂1; L̂2] = [x2p̂3 � x3p̂2; x3p̂1 � x1p̂3] = [x2p̂3; x3p̂1]��[x2p̂3; x1p̂3]� [x3p̂2; x3p̂1] + [x3p̂2; x1p̂3]: (6.10)95



�¢¨¤ã â®£®, çâ® ®¯¥à â®à p̂i ¯à®¯®àæ¨®­ «¥­ ç áâ­®© ¯à®¨§¢®¤­®©@@xi , § ª«îç ¥¬, çâ® ¢ íâ®¬ ¢ëà ¦¥­¨¨ ¢â®à®¥ ¨ âà¥â¥¥ á« £ ¥-¬ë¥ à ¢­ë ­ã«î. �®«ì§ãïáì ª®¬¬ãâ æ¨®­­ë¬¨ á®®â­®è¥­¨ï¬¨ ¬¥-¦¤ã ®¯¥à â®à ¬¨ ª®®à¤¨­ âë ¨ ¨¬¯ã«ìá  ¯à¥®¡à §ã¥¬ ®áâ ¢è¨¥áï ¢(6.10) ª®¬¬ãâ â®àë[x2p̂3; x3p̂1] = i�hx2p̂1; [x3p̂2; x1p̂3] = � i�hx1p̂2: (6.11)� ª¨¬ ®¡à §®¬ ¨¬¥¥¬ [L̂1; L̂2] = i�hL̂3: (6.12)�áâ «ì­ë¥ ª®¬¬ãâ â®àë ¯®«ãç îâáï æ¨ª«¨ç¥áª®© ¯¥à¥áâ ­®¢ª®© ¢(6.12) [L̂2; L̂3] = i�hL̂1; [L̂3; L̂1] = i�hL̂2; (6.13)¨«¨ [L̂i; L̂j] = i�h�ijkL̂k: (6.14)�®¯®áâ ¢«ïï íâ®â à¥§ã«ìâ â á® áª®¡ª ¬¨ �ã áá®­  ¢ ª« áá¨ç¥áª®©¬¥å ­¨ª¥ ¤«ï ª®¬¯®­¥­â ¬®¬¥­â  ¨¬¯ã«ìá  (6.5)-(6.6) ¢¨¤¨¬, çâ®á â®çª¨ §à¥­¨ï ®¡é¨å ¯à¨­æ¨¯®¢ ª¢ ­â®¢ ­¨ï á®®â­®è¥­¨ï (6.13)-(6.14) ¯à¥¤áâ ¢«ïîâ ­¨ çâ® ¨­®¥ ª ª \ª¢ ­â®¢ë¥ áª®¡ª¨ �ã áá®­ ".�¥¯¥àì ®¡áã¤¨¬ ª ª ª¨¬ ä¨§¨ç¥áª¨¬ á«¥¤áâ¢¨ï¬ ¯à¨¢®¤¨â íâ®âà¥§ã«ìâ â. �à¨ ®¡áã¦¤¥­¨¨ ®¡é¨å ¯à ¢¨« ª¢ ­â®¢ ­¨ï £®¢®à¨«®áì,çâ® ­  ï§ëª¥ ª¢ ­â®¢®-¬¥å ­¨ç¥áª®£® ä®à¬ «¨§¬  ¯à¨­æ¨¯ ­¥®¯à¥-¤¥«¥­­®áâ¥© ¢ëà ¦ ¥âáï ¢ â®¬, çâ® ®¯¥à â®àë ä¨§¨ç¥áª¨å ¢¥«¨ç¨­,ª®â®àë¥ ­¥ ¬®£ãâ ¡ëâì ¨§¬¥à¥­ë ®¤­®¢à¥¬¥­­®, ­¥ ª®¬¬ãâ¨àãîâ ¬¥-¦¤ã á®¡®©. �âáî¤  ¤¥« ¥¬ § ª«îç¥­¨¥, çâ®¤«ï ª¢ ­â®¢®© ç áâ¨æë ­¥¢®§¬®¦­® ¨§¬¥à¨âì ®¤­®¢à¥¬¥­­® ¤¢¥¯à®¥ªæ¨¨ ¬®¬¥­â  ¨¬¯ã«ìá . �®¦­® â®«ìª® ¨§¬¥à¨âì ®¤­ã ¨§¯à®¥ªæ¨©, ­ ¯à¨¬¥à, L3, â®£¤  ¯à®¥ªæ¨¨ L1 ¨ L2 ¡ã¤ãâ ¨¬¥âì ¯à¨­-æ¨¯¨ «ì­® ­¥ãáâà®­¨¬ë© áâ â¨áâ¨ç¥áª¨© à §¡à®á.�ë¯¨è¥¬ ®¯¥à â®àë ª®¬¯®­¥­â ¬®¬¥­â  ¨¬¯ã«ìá  ¢ áä¥à¨ç¥áª¨åª®®à¤¨­ â å L̂1 = i�h  sin' @@� + cos'ctg� @@'! ;96



L̂2 = �i�h  cos' @@� � sin'ctg� @@'! ;L̂3 = �i�h @@': (6.15)�â¬¥â¨¬, çâ® ¢ ª« áá¨ç¥áª®© ¬¥å ­¨ª¥ ã£®« ' ¨ ¬®¬¥­â ¨¬¯ã«ìá  L3¯à¥¤áâ ¢«ïîâ ª ­®­¨ç¥áª¨-á®¯àï¦¥­­ë¥ ¯¥à¥¬¥­­ë¥ | ¢à é â¥«ì-­ãî ª®®à¤¨­ âã ¨ ¢à é â¥«ì­ë© \¨¬¯ã«ìá". � ª¢ ­â®¢®© ¬¥å ­¨-ª¥ ¨¬ ¤®«¦­ë á®®â¢¥âáâ¢®¢ âì ®¯¥à â®àë, ¤«ï ª®â®àëå ¢ë¯®­ï¥âáï®¡ëç­®¥ ª®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥['; L̂3] = i�h: (6.16)�á¯®«ì§ãï ï¢­ë© ¢¨¤ ®¯¥à â®à  L̂3 «¥£ª® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®-áâ¨ íâ®£® á®®â­®è¥­¨ï.�á¯®«ì§ãï (6.15) «¥£ª® â ª¦¥ ­ ©â¨ ¢ëà ¦¥­¨¥ ¤«ï ®¯¥à â®à ª¢ ¤à â  ¬®¬¥­â  ¨¬¯ã«ìá  ¢ áä¥à¨ç¥áª¨å ª®®à¤¨­ â å~̂L2 = ��h2 24 1sin� @@�  sin� @@�!+ 1sin2� @2@'235 : (6.17)6.2 � ¬¨«ìâ®­¨ ­ ç áâ¨æë, ­ å®¤ïé¥©áï ¢ áä¥-à¨ç¥áª¨-á¨¬¬¥âà¨ç­®¬ ¯®«¥�®§­¨ª ¥â ¢®¯à®á, ¬®¦­® «¨ ¨§¬¥à¨âì ®¤­®¢à¥¬¥­­® í­¥à£¨î ¬¨-ªà®ç áâ¨æë ¤¢¨¦ãé¥©áï ¢ ¯®«¥ U (r) ¨ ®¤­ã ¨§ ¯à®¥ªæ¨© ¥¥ ¬®¬¥­â ¨¬¯ã«ìá , ­ ¯à¨¬¥à, L3? �«ï ®â¢¥â  ­  íâ®â ¢®¯à®á ­¥®¡å®¤¨¬® ¢ë-ïá­¨âì, ª®¬¬ãâ¨àã¥â «¨ £ ¬¨«ìâ®­¨ ­ ç áâ¨æë á L̂3 ¨«¨ ­¥â.� ¯¨è¥¬ ¢ áä¥à¨ç¥áª¨å ª®®à¤¨­ â å £ ¬¨«ìâ®­¨ ­ ç áâ¨æë, ­ -å®¤ïé¥©áï ¢ áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­®¬ ¯®«¥Ĥ = � �h22M�+ U (r); (6.18)£¤¥ ®¯¥à â®à � ¯« á  ¥áâì� = 1r2 @@r  r2 @@r!+ 1r2�(�; '); (6.19)97



¯à¨ç¥¬ �(�; ') = 1sin� @@�  sin� @@�! + 1sin2� @2@'2 : (6.20)�à ¢­¨¢ ï íâ® ¢ëà ¦¥­¨¥ á (6.17) ¯®«ãç¨¬�(�; ') = � 1�h2 ~̂L2: (6.21)� à¥§ã«ìâ â¥ £ ¬¨«ìâ®­¨ ­ (6.18) ¯à¨­¨¬ ¥â ¢¨¤Ĥ = � �h22M 1r2 @@r  r2 @@r!+ ~̂L22Mr2 + U (r): (6.22)� á¢®î ®ç¥à¥¤ì íâ® ¢ëà ¦¥­¨¥ ¬®¦­® ¯¥à¥¯¨á âìĤ = p̂2r2M + 12M ~̂L2r2 + U (r); (6.23)£¤¥ p̂r � �hi 1r @@rr | ®¯¥à â®à à ¤¨ «ì­®£® ¨¬¯ã«ìá . �«ï £ ¬¨«ìâ®-­¨ ­  § ¯¨á ­­®£® ¢ íâ®¬ ¢¨¤¥ áâ ­®¢¨âáï ®ç¥¢¨¤­®© á¢ï§ì á ¥£®ª« áá¨ç¥áª¨¬  ­ «®£®¬ (6.4). � ª ¦¥ ª ª ¨ ¢ ª« áá¨ç¥áª®¬  ­ «®-£¥ ¯¥à¢ë© ç«¥­ ¢ (6.23) ¯à¥¤áâ ¢«ï¥â ®¯¥à â®à ç áâ¨ ª¨­¥â¨ç¥áª®©í­¥à£¨¨ ç áâ¨æë á¢ï§ ­®© á ¥¥ à ¤¨ «ì­ë¬ ¤¢¨¦¥­¨¥¬. �â®à®© ç«¥­¯à¥¤áâ ¢«ï¥â í­¥à£¨î ¢à é¥­¨ï.�¥¯¥àì ¢ëç¨á«¨¬ ª®¬¬ãâ â®à ¬¥¦¤ã £ ¬¨«ìâ®­¨ ­®¬ (6.23) ¨ ®¯¥-à â®à®¬ ®¤­®© ¨§ ¯à®¥ªæ¨© ¬®¬¥­â  ¨¬¯ã«ìá , ­ ¯à¨¬¥à, L̂3. �à¥-¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ¨§ ï¢­®£® ¢¨¤  L̂3 (6.15) á«¥¤ã¥â, çâ® íâ®â®¯¥à â®à ­¥ § ¢¨á¨â ®â à ¤¨ «ì­®© ¯¥à¥¬¥­­®© ¨ ¯®íâ®¬ã ª®¬¬ã-â¨àã¥â ª ª á ®¯¥à â®à®¬ à ¤¨ «ì­®© ª¨­¥â¨ç¥áª®© í­¥à£¨¨, â ª ¨¯®â¥­æ¨ «®¬. �®íâ®¬ã[Ĥ; L̂3] = 12Mr2 [~̂L2; L̂3]: (6.24)� «¥¥ ­  ®á­®¢ ­¨¨ ï¢­®£® ¢¨¤  ®¯¥à â®à®¢ ~̂L2 ¨ L̂3 § ª«îç ¥¬, çâ®[~̂L2; L̂3] = 0 (6.25)98



¨, á«¥¤®¢ â¥«ì­®, [Ĥ; L̂3] = 0 ¨ [Ĥ; ~̂L2] = 0: (6.26)� ª¨¬ ®¡à §®¬ ¤¥« ¥¬ ¢ë¢®¤, çâ® ®¤­®¢à¥¬¥­­® ¬®£ãâ ¡ëâì ¨§¬¥à¥-­ë í­¥à£¨ï, ª¢ ¤à â ¨ ®¤­  ¨§ ª®¬¯®­¥­â ¬®¬¥­â  ¨¬¯ã«ìá .6.3 �¢ ­â®¢ ï ç áâ¨æ  ¢ áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç-­®¬ ¯®«¥�¥¯¥àì à áá¬®âà¨¬ ãà ¢­¥­¨¥ �à¥¤¨­£¥à  ¤«ï ç áâ¨æë ¢áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç­®¬ ¯®«¥2664 p̂2r2M + 12M ~̂L2r2 + U (r)3775	(r; �; ') = E	(r; �; '): (6.27)� ­¥¬ à §¤¥«ïîâáï à ¤¨ «ì­ ï r ¨ ã£«®¢ë¥ �; ' ¯¥à¥¬¥­­ë¥	(r; �; ') = Y(�; ')�(r); (6.28)£¤¥ Y(�; ') ï¢«ï¥âáï á®¡áâ¢¥­­®© äã­ªæ¨¥© ®¯¥à â®à®¢ ~̂L2 ¨ L̂3,  �(r) | à¥è¥­¨¥ à ¤¨ «ì­®£® ãà ¢­¥­¨ï �à¥¤¨­£¥à 24 p̂2r2M + 12M L2r2 + U (r)35�(r) = E�(r): (6.29)� (6.29) L2 ®¡®§­ ç ¥â á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¯¥à â®à  ª¢ ¤à â  ¬®-¬¥­â  ª®«¨ç¥áâ¢  ¤¢¨¦¥­¨ï ~̂L2.�¥¯¥àì ­ ©¤¥¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï L2, L3 ¨ á®¡áâ¢¥­­ë¥ äã­ª-æ¨¨ ®¯¥à â®à®¢ ~̂L2 ¨ L̂3. 99



6.3.1 C¯¥ªâà á®¡áâ¢¥­­ëå §­ ç¥­¨© ¨ á®¡áâ¢¥­­ë¥ äã­ª-æ¨¨ ®¯¥à â®à®¢ ~̂L2 ¨ L̂31. C®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ ®¯¥à â®à  L̂3�«ï â®£®, çâ®¡ë á¯à ¢¨âìáï á íâ®© § ¤ ç¥© ­¥®¡å®¤¨¬® à¥è¨âì á«¥-¤ãîé¥¥ ãà ¢­¥­¨¥ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ïL̂3Y(�; ') = L3Y(�; '): (6.30)�®¤áâ ¢«ïï ¢ (6.30) ï¢­ë© ¢¨¤ ®¯¥à â®à  L̂3 ¢ áä¥à¨ç¥áª¨å ª®®à¤¨-­ â å (6.15) ¯®«ãç¨¬ � i @@'Y(�; ') = L3Y(�; '): (6.31)� ª¨¬ ®¡à §®¬ ¬®¦­  à §¤¥«¨âì ¯¥à¥¬¥­­ë¥ � ¨ 'Y(�; ') = �(�)�(') (6.32)¨ ãà ¢­¥­¨¥ (6.31) á¢¥¤¥âáï ª� i�h @@'�(') = L3�('): (6.33)�¢¨¤ã â®£®, çâ® ¯à¨ ¯®¢®à®â¥ ­  ã£®« 2� á¨áâ¥¬  ¢®§¢à é ¥âáï ¢¯à¥¦­¥¥ á®áâ®ï­¨¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (6.33) ­¥®¡å®¤¨¬®¤®¯®«­¨âì ãá«®¢¨¥¬ ¯¥à¨®¤¨ç­®áâ¨ äã­ªæ¨¨ �('+ 2�) = �(').�¥è ï ãà ¢­¥­¨¥ (6.33) ­ å®¤¨¬�(') = N exp " i�hL3# ; (6.34)¯à¨ç¥¬ ¤«ï â®£®, çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥ ¯¥à¨®¤¨ç­®áâ¨ ­  á®¡-áâ¢¥­­ë¥ §­ ç¥­¨ï á«¥¤ã¥â ­ «®¦¨âì ãá«®¢¨¥L3 = �hm; £¤¥ m = 0;�1;�2; : : : (6.35)¨ ¢®«­®¢ ï äã­ªæ¨ï �(') ¯à¨¬¥â ¢¨¤�m(') = vuut 12� exp[im]; (6.36)100


